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, . ' ' ' Preface * ' , 

The series ^ Soviet Studies In jtM ^PsycholoRy of Learning arid Teaching 

f athema tics is a collection of translations from the extensive Soviet 
iterature of the past twenty-five years on research in the psychology 
of mathematical instruction. It also includes works on methods of 
teaching mathematics dirkcrTy influenced* by the psychoiogical research. 
» ThJ^ series is the .result of a joint effort by the School Mathematics 
Study GrAup at Stanford University, the Department bf Mathematics 
Edi^cation at the University^ of Georgia, and the Survey of .Recent East 
European Mathematical Literature at thd Universi-ty of Chicago. Selected 
papers and books considered to be of value to the American mathematics 
educator have been translated from the Russian and appear in this 
^series for the' first time in Eifglish. 

Research achievements in psychology in the' United Statlas are *^ 
outstanding indeed. Educ'ational psychology, however^ occupies . only a 
small fraction of the field, and un4til recently little attention has 
been gfven to research in the psychology of learning and teaching 
pai'ticular school subjects. - ^ ^ 

The situation has been quite different in the'lBoiliet Union. In 
view of the reigning social and political doctrines, several branches 
of "psychology that are highly jieveloped in the U.S. have scarcely been 
investigatted in the Soviet' Union. ' On the other hand, because of the ' 
Soviet e^iphasis on education arid -its function in the state, research in 
, educational psycholo^T;y has been given considerable moray and financial 
support. Consequently, it has Attracted m^lny creative^nd talented 
scholars whose C(%ntributions have been remarkable. 

Even prior to World War II, the 'Russians l^ad m^de great strides in. 
educational psychology". The creation in 1943 of the Academy of Peda- 

gogical Sciences helped to intensify the research effortfe and programs 

t — 
in this field'. Since then the^ Academy has become the chief educatioraSI 

research an^ development center for thn Soviet Union. One of tho ma/n * 

aims of the Academy is to conduct research and to train research scholars 



A ,S'tudy. indicates t!iat 37.5% '.of all nnterials in Soviet psycliolop^y 
publislicd in one year wVii; devoted to educa tion^uid child psycholos;y. See 
CQilt_tMiijpora_rjy S o v f e t P s v c 1 1 ol o i\y by Josef Bro^.ek (Chapter 7 of Present-Day 

Russian Psych olo[];y , Pergan.on Press, 1966). * * , r| 
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in general and sfJecialized education, U\ educational psji^hology, and 
in methods of teaching various school subjects ♦ 

The Academy of Pedagogical Sciences o£ the USSR comprises tea 
research institutes in* Moscow and Leningrad* Many of the studies* 
reported in this series were conductec^ at the^Academy 's Institute of 
General and Polyteclinical? Educfation; Institute of Psychology, and 
Institute oif Defectology,* the last of w^^ich is conqerned with the ^ 
special psychology *^arid educational^ techniques for li^ndicapped children^ 

The AQademy of Pedagogical Sciences has^ 31 members and 64 
^sso,ciate members, chosep from amoipig distinguished Soviet scholars, 
scientists, and 'educators • Its permcinent staff includes m^re than 
650 research associates who receive advice and cooperation from an 
additional 1,000 scholars and teachers. The research institutes of 
the>cademy have available 100 "base" or laboratory schools and many 
other schools in which experiments are ccmducted. Deveiopmei\ts in . 
foreign countries aije closely followed hy the Bureau for the Study of 
Foreign Educational Experience and Information* 

The Academy hasr,i$is own publishing house, A which i^ues hundreds of 
books each year, and publishes the collections izvestiya Akademii 
PedagoRicheskikh Nauk RSFSR 4Proceedj.ngs of the Academy of Pedagogical 
Sciences pf the RSFSR],, the monthly Soyetsfeaya Pedago^ika [Soviet 
Pedagogy], and the bimonthly V®prosy Psjkholop^i [Questions of Psychology] 
Since 1963, the Academy has been issuing collection entitled Novye • 
Issled ovaniya v" FedagogLcheHk4kh Naukakh twew Research in the Pedagogical 
Sciences] in ofder/to ^disseminate information on current research • 

.A major difference between the Soviet and American conception ot 
educational" research is that Russian psychologists of ten use qualitative 
rath-fer than quantitative methods of Research in instructional psychology 
in accordance with the prevailing 'European tradition. American readers 
may thus find that some of -tht earlier Russian pai^crs do not comply, 
exactly to U.S. . st^dards of Resign, analysis, and reporting. By using 

c 

qualitattve methods and by working with small' groups, however , .^the Soviets 
bav^^.i>een able to. penetrate into the child's thoughts, and to Analyze his • 
mental processes. To this' end they have also designed classroom tasks 
and settings , for research and have emph«si?.ed long-term_, ^^netic "Studies 
of learning. J \ ' • . ' 
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^ Russian psychologists have concerned themselves with the jd3mainics* 
of mental activity and with thfe- aim of arriving at r inc ip I'es - o f the 

learning process itself. They have investigated such areas as: the 
development of mental operations; the nature* and development tff tl^ught; 
the formation of mathematical concepts and the related questions of 
generalization, abstraction, and concret:(.Eation; . the mental operations 
of analysis and synthesis; 'the development of spatial perccj)tion; the - 
relation between memory and thougl>t; the "<fevelopmeht of logical reasoning/; 
the nature of mathematical skills ; and the structure and special features 
of. mathematical abilities. 

\ In new approaches to ^educational research, some Russian psychologists 
have developed cybernetic and statistical models and tecl^iques', and have 
made use of algorithms, mathematical logic and 'i^ormatr^n sciences. ^ 
Much attention has also been given to prograimned ins true tiorf and to an 
examination of its psychological problems and its application fox 
greater individualization in learning. ' * * * ' • 

The interrelationship between instruction and cliild development is 
a source of sharp disagreement between the Geneva School of p|ybhologjf.sts 
led by Piaget, and the Soviet psychologists. The Swiss pSychiplagists 
ascribe limited significance to the role of ^ instjruction in the develoii- 
ment of a phild. According to them, Instruction is subolrdinate to^he 
specific stages in the development of the child's thinking — stages 
manifested at certain age leveds and relatively In^Siy^ndent of the 
conditions of, instruction.^ • " ' ^ 

As representatives of • the, materialistic^evolutioni^ theory^of the 
mind, Soviet psychologists ascribe a leading raie to itistructioHL They 
^ssert, that instruction broadens the potential of development, may 
accelerate JLt, and ;nay exercise influence not only upon the sequence of ) 
the stages of deVelopraent of the child s ^thought but even upon the very 
character of l)/e staged. jThe Russians stuch^j. development in the changing 
conditions of instruction, and by varying these conditions, they idemonstrate 
how the nature of the child's development changes in the process • As a 
result, they are also investigating tests o| gif tefiness *and are using 
elaborate dynamic, rather than static, indices. 



See ij^e Frobl nm of Tnftruct ion and Development at _t_he^ 18th intet^ national 
Congress o£ P sych oloi^y by N. A. Mr.ncHinskaya 'ai^ G. G. Saburova," Sovetska ya 
P edagogika 7 ^967 ,"No/\J. >^ (English ttranslatlon in ^ Soviet Kdu catlon, July 
1967, Vol. 9. No.^5.6 ' . 
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Psychological research has had a c'bnsiderable ef f ect..^ojl the 

recent Soviet literature on methods of teaching tfet^heina^ics. Experi- , 

ments have' shown the student's mathematical potential to bejgreater 

than had been Rreviously assaiacftl* Consequently » Russian psychologists 

have advocat;e(?*^he necessity of varices changes in the content and 

memods-of inathen^at ical instruction and have participated in designing 

• * 

the new Soviet mathematics curriculum which has iseen introduced during 

the 1967-68 aca^mic year. 

The aim of this series is to acquaint mathematics educators and^ 

teachers with 'directions, ideas, and accomplishments in the psychology 

of mathematical instruction in the Soviet Union. This series should 

assist tn opening up avenues of investigation to those who are interested 

in broadening the foundations of .their professio^ for it 'is generally 

« 

recognized that er.periment and research are indispensable for improving 
content and methods of School mathematics.' 

^ W« hope that the voltimes in this series will be used for study, 
discussion, and critical analysis ,in courses or seminars in teacher- 
training programs'or in institutes fot in-service teachers a various 
levels. . r \ ^ 



At' present, materials have beep prepared for fifteen volumes. Each 
book contains one or more articles unden a general heading such as The 
Learning of Mathematical ConceptSe^ 'The Structure of Mathematical Abilities 
and Problem Solving in Geometry-. Tlic int^^uction to each volume is 
intended to provide some background and guidance to its content. 

Volumes I to VI were prepared jointly by the School Mathematics' 

t 

Study Group and the Survey of Recent East European Mathemat ii:al Literature, 
both conducted under grants from the Nation|il Science F^ndation. WTien ^ 
the activities of the' School >ii?ftematics Study Group ended in August, 1972 , 
the Department of Mathematics Education at the University o/ Georgia 
undertook to assist in the editing- of the remaining^ volumes. We express 
our appreciation to the Foundation and to the many people and or ganiz^it ions ' 
-who cc^tributed to the establishment and continuation of the scries. 



Jeremy Kilpatrick 
Izaak Wirszup 



F^wnrd G. Begie 
I . James W. Wilson 



EDITORIAL NteTES 

, 1. Bracketed numerals in the text refe^r to the numbered 

rejferences at the end of each paper. Wliere ther^ are two figures, 
e.g. [5:12:^], the second is a Rage reference. All references are 
to , Russian edltl^s, _althoi/gh titles have been translated and 
auS^ors^ names 'transliterated* ; 

2. The transliteration scheme lised is that of the Library 
of^CongresS, with 4i^*^^itical marks omifited, except 'that hO and 5 
are rendered as "yu" and "ya" instead ofTiu" and "ia.". . 

' 3, Nilmbered footnotes are those in the otiginal paper, 
starred footnotes are used for editors' ot translator'^ consents. 
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- ■ INTRODUCTION 

Mary G. Kantowski - - 

There has been a recent surge of ^nterest in the.i^roce'ss of problem 
solving "among mathematics educators in this country. Such a txfend is 
consistent with the emphasis on education as a process that Bruner [3] 
saw emerging more than a decade ago, and with Brownell^s thesis [2] that ; ^ 
educators can*best guide learning if they are' familiar with how students ' 
think in the face of new learning tasks^. ' ' * - ^ 

The problem-solving process has b^n ijecognlzed as analytic-synthetic ^ 
since the time of the early Greeks. Pappus's suggestion of making an 
analytic plan to be carried out by a deductivl synthesis served as the 
inspiration ^.f or Poljra's well-known four phases in the solution of a problem, 
Polya [6:75-85] speaks of decomposing a^problem into its parts and jeecom^ 
bining tlie^e parts-into.a different whole, the solution of the problem. 
To this* end he *^uggests" techniques that may 'aid the problem s-olver in 

/ ■ ^ 

finding relationships ambng the data, the unknown, at|| the condition of a 

problem, tlius implying a link .between the use oC these techniques and the 

processes involved in solving the problem. ^ 

The present volumd sdif f ers from the others ir\ the series in that the 

entire/ volume records the search for a method of problem-solvijpg instruction 

^ y . \ C 

based on the ahaly tl^-sYnthetlc nature of the problem-solving process. In^ 

^ ' ^ ^ ^ i? . ^ ^ 

this work, KaJ|mykoya traces the history of the use of the an^yUic and 

.synthetic methods in her cou^itry, explores -felcmentary classroom situations 

involving teachers who had various' degrees of sif^fcess in problem-solving 



instruction, makes '♦iiypotheses regardin^^ the use of certain techniques ^ and 

h( 



•concludejj witli suggtstions for 'fproydu^tive* methods to be used in 'the clasls- 



room. " ' ' ' 
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*In Chapter I, the , Over view, Kalmykova varbalizes the^universal complaint 

■pv ♦ ' 1 ^ - ^ 

pf matheiuatics te^che,Xi§3.:T the inattLlitjv of stjidents, even many of high ability, 
to solve -comp lex > nortroutii^ .p.^obiem?, independently . Sh^e propo^s the need 

for a "rational" methad^of prS^ljaiiJ-solving instruction and views this .atudy 

' ♦ ' , * ■* ■ 

as an initial attempt attain that gdfel, • # 

' The second chapter begins wi\^ the theoretical framework for- the study: 

• . ; 

the P^vlovian concept "that kndwle^dge is acquired by continual abstraction 

and generalization resulting from £he' ^naly tic-synthetic activity that is ' 

'« # * 

the essent^ of thought- The introduction of protocols of the solutions 

i 

verbar problems by successful and by unsuccessful students sets the sta^e ' 
for the typically Soviet clini^cal studies described in the ^succeeding chapters^ , 
^ protocol from a strong student illustrates high analytic-synthetic activity, 
which is characterized by analyzing each new datunj in relation to the problem'te 
solution, operating with entir^^ complexes ^rather . than with individual piece^^^ 
of data, and carrying out syntheses only when these syntheses bring problem 
solx^er closi^ to the unknown, A protocol from a weak student, on the otlier 

/ . V ■ 

^hand, exhibits random ma^iipulation of data^ land, many /'superfluous syntheses," ^ 
characteristic's of low analytic-synthetic activity. 



Kalmykova distinguishes between the analytic-synthetic process that is i 



involved In all p^blem solving and the analytic and synthetic methods used 

ip problem breakdown. An extensive review of the* literature of prerevolutionary 

well as Soviet methodologis ts reveals no agreement as to the best "rational'* ' 
approach' to^ problem solving in the classroom. Rotable among the prerevolutionary 
writers are Laty^heV and Ego»rov, who argue against the confining "^assical 
anatlysis" rou^ne breakdown of probl^ems in favor of technique^ similar to 
those suggested by Polya, Among the Soviet writers, Sk^tklp agrees with 
this criticism and, moreover , views the analyfic me^thod' possible only 
after the solution is already -clear and hot as a means^ obtaining a solution, 

■ ' xil ■ ' 
<3 • ' 12 • 



Chapter III Includes studiea involving Che use of the. purely mechanical 
; > *^ . - ' ' • ' - ' 

' anAiytie me^bU of problem Bceakdowta in actual* classroom ^situatiqns. The 

emphasi^ig-^Hn' the- breakdown oJF^the problem rather than on finding .the so-v 

iution. Three levels * of , mastery are considered, *thp first two of wnich ^ 

, * • are .artiM'cial and do not. iriiplyany understanding irr the relationship hS^^ „ 

- *. "^tneen the* data artcf the unknown. In geij^^al, Kalmyl^oVa fb^upd that the ^ability 

' • ' . ' ' ' ' • ' " ' • . A ' ■ ' I- . ^: 

to» master the' analy^tic^ method of probiejn breakdovm is a'fundtion of the type 
»f instjructiori', * jthe amount* of practice-, and the experience of ^the^ teacher • 
* ^ Pupil's who were not given' regular*. iastruQtiOn could not«/inast:er the method, • * 

e^en for simple' probliBins / "^he (ise of diagrams- and. e^liet introduction of 

0' . • , - -* t / . , * . . . ^ ^ ' 

Uie method' (in the, second rather* than .is thjl* third'grade) were^ conducive *to 

mastery. Longitudi'nl^ .clinical studies that followed experiments inv9lving 

^ entire classes suppQrted the cortclusions, but the claim th^t most pupils » * 

would eventually attain the level of m'as^:ery reached by the better students 

seems unwarranted in light of the evidence presented. 

In Chapter IV, KalmjfRova examines student performance on more complex 

» 

problems. Her result^ in this aspect of the study support thpse prerevolu- 
tiouary and Soviet 'writers who condemned the use of "'^lassical analysis" 
as an. unproductive .method of instruction for developing the. ability to^ 
solve nonroutine problems indepwrtdcntly . In fact, in some instances, the 
confining classical .methods had negative effects on independent problem^' 
, solving ability. 4. balance betwc^en the use of analytic methods and the 
use of Hvnthesis as soon as data are isolated is seen as necessary- in^ 

' ■ V ■ ■ ■ ■ 

* problem'-solving Uns traction. 

Xhese results lead quite naturally to the heart of the study, the 
climactic fifth chapter that contains Kalmykova's recommendations for a 
productive method of instruction* Her suggestipns ^are based on observations 

xiii . ' '•■ 
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Qf an elementary t-eacher, V-. D.^Petrova, arid of problem^solying^ behavior * ^ 
demonstrated by a group of older students and adults, ; Petrova^ classed 

' : ' ■ ' ' - ,■./'-• • / • '* , ■ ■ 1 

were chosen because of her hl»stpry of auccess ^^in - trai^iiig ^Independent 

problem sQlvers.' Her deceptively- simple , ^techniques, emphasize making sure 

» , * • * • ■ * 

student^' thorpughly, understand the pro^lem^ Seeing -that they carefully. think 

* / ' ■ ' ^ ; - 

througlj 'the solution, and allowing them time t;o arrive-' at th^'solution 

independently. In the anal^fsis o£.i.he protocols of ;the o-l^er subjects, 

five *^^uxiliary methods" 'wera noted and categorized : (1) concretiza- 

tion, (2) abstraction, (3) modjLf icattdn, (4^\ graphical analysis, and ^ 

, , . ' , * . - , 

'(50 analogy. * Kalmyk'ova proposes^ that ^tinstruction emphasize these auxiliary 

techniques as well a,s the modeling teobn:^ques ufeed so extensively and 

effectively by Petrova. Applying her suggested .method, Kalmykova worked 

with four very weak students oVer a four-month ^period a1id found significant 

improvements in their problem--solvingi'ability, ' ' . 

• - " \ 

. * ^ * ' J 

Although Kalmykova's suggestions for instruction close*ly parallel : . 

the heui^istic methods belrfig investi^at^^ in this country [4^5], there are 

aspects of the study that should bW^J^ i^i^it^esl to .^researchers . In partlculs 

observations of successful teaching and problem-solving behavior could prove 

to be a fruitful j^ource of hypotheses for studies relative to instructional 

techniques in the classroom, * * ^. 

If, for example, teachers vho are. successful in training effici^nt^* 

problem'solvers are observed to^have recourse to common techniques, to 

assign parallel types of prbblpms, to pare inktri]ct iotKiir to order problems 

in similar ways, these common denominators might; suggest dependent ' variables 

to be investigated experimentally. Likewise, patterns of processes employed 

in search, of solutions by students ^ith some expertise in problem sblving 

cduld provide clues for modeling methods to be tcs,ted and behaviors to be 

developed. Close scrutiny of such behaviors coiilli also furnish important 

and needed data relating aptitudes to instruction. 



This volume continues to emphasj.ze the message of the Soviet researchers; 

' r ■ ^ . • . •• ^' ■ ' ' * 

that instruction is the ,key to prof iqlency in pr<?ble2J solving, and that 

i * ^ • . 

investigating proqess is imperatlvB for the tmproj^ment of instruction / 
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^ We ar^ facing: enormou^ tasks in making a. gradual transition from 
socialism to communism. Stalin |ias pointed out the nece^ity "of 
achieving such a cultiij^al growth that, every member of the society would 
be assured of. thorpugh deye\opment of his physidlal and mental capabili- 
ties 139:' 68]*' a^ one of the three. b^ic pi:jeconditidns fcxr this 
transition. Thfe 19th ^k^ngyess of the Communist Parfy submitt)sid a 

/ J ' y| ' • - , 

decision on m^sures for guaranteeing ^ transition to' compulsory ted- 
year educ^tipn and for introducing poly technical schools* These deci^sions 
of the party congress ii^volve ^ Soviet teachers in the prodigious task of* 
educating the^gener^tion of young persons 'who *ill build the communist 
society* Therefore each teacher should evaluate thfe ef f ^cttveiieas of 
the met;hods he uses and should introduce the md^t productive meana to : 
guarantee a significant improvement in his work. 

Instructors of mathematics, one of the leading school, disciplines, 
are no except ioci In a mathematics course^ problenTs are particularly 
important.' In problem^solving, matheu^tical concepts are formulated and 
dif^fereht arithmetical operations are interpreted • Problems teach the 
pupils to disclose the mathematical content of concrete data* Biit 
problems are es^^eclally important as a means, of developing logical 
thinking and the ability to determine proportional relationships between 
quantities and to d^aw the proper conclusions. As the studants solve 
problems, they will be ^evyeloping ingenuity, as well as th« Wility to , 
work independently, without* a model, but with creative initiative. 

' Analyzing students* test papers and oral answers over the last few 
years has shown t;hat our schools are improving from year to year. The 
students are learning to solve the problems demanded by the curriculum 
and to giv^ rather detailed explanations. However, when a problem's 
solution deviates slightly from the ordinary, when more independent work 
or c^^tive thought is required, many students, even good ones, are 
inc4>3bl^ of, finding the way to solve it and easily slip into an unpro- 
ductive man^ulation of the numerical data, into the method of "blind 
trial and erfor/*'' iTiey act according to the prescription of one of th^ 



pupils: "When I cannot ^arr;lw/ a^t the answer to the problea," he s^id, 
' "I begin to add, subtract, ifeultiplyp or •divide the numbers until I obtain 
the right answer." ^The^^nswers to the problems are- ordinarily given in 
the baltk of the book.) / * . • ' . 

This easy lapsing into a ^eWom-product^e method of solution as 
soon as the difficul/ty pf the pre^blem ifei^creases shows a weakness in the 
students' -analytic/synthetic activity andean inability to' break down a 

problem thoroughly • ^ * * ^ ♦ ' - 

/' ' * ^ ' ' 

In order to te'ach pupils to solve rather compl^feca-ted problems ' , 

independei^tly/ one must lead them to rational methods of analysis^ and 

synthesis . /'Children are not taught t^e miq^thdds 4nd techni^iues of " ' c 

thinking^^eatively in school'. The methods 'of analysis and synthesis 

Us^ ia^Chool miss the mark. [16: 432]," Me^ichinsk^ya wrote several 

y^arsy^go. Are these ci>iticisms^^|ill 'valid? * To what extent do the 

j^ethods o* teaching problem aol^^' that^are/use<^in school provide the 

pupils with the proper means of: analysis an^ synthesis? Vfhere should 

j^e look for more effective methods of teaching ^analysis an^; synthesis 

\n problem solving? . ^ ^ 

This article is meant ^o help teachers to resolve these questibns., 
For many years the author has taught the process of independent solution 
of rather complicated problems to students in' different grades and to 
adults, and, In^'particular , taught the use of the So-called analytic 
method of problem breakdown^. The experience of onf of the foremost 
teachers in Moscow, V. D. Petrova, was studied in Retail fr<fm the stand- 
point of the methods of. analysis and synthesis that were used. Several^ 
methods of analysis were also taught experimentally. 

Using Pavlov's reflex theory,' the au^or attempted' to find the 
essencp of analysis and synthesis in problem solving. Several 
productive types and methods of analysis are described, on the basis • 
of the investigations that were condt^cted. A number of rational means 
of teachingyanalysis and synthesis in problem "Solving to students are 
also described. " , 

' , Much o^ this work is devoted to verifying experimental!^ the 
productivity of the so-called analytic method of problem breakdown. 
It should be noted that the basic methodological literature approves of 



I 

4 



'this method^^nd reconanends using it widely (cf . the methods of Chichigih 
[6]^ Lyapin [14], and o theirs ) . ^However, although this method ^has been 
kjio^ for ,a longtime, it has^^not seen widespread use^ in schools. Is 
practice lagging behind the progressive* theoryTN Than the method of ^ 
analysis must be publicized and forced into practice in the school^, 
'should the proponents of the theory themselves (for methodological 
literature should carry scieiitlfic theory to, the m^ss^) perhaps reconsider 
theitr position in approving this method? . ' - 

To 'answer trfis question, the authpc fi-r^t turned to the-* methodoldg- 
ical heritage of -the past. Tl^ere was^no general agreement on this ^ .' 
problem in' the'^ethods lita^rature and 'experts |iave been voicing dcto^bt^ 
and protaes.t? about this method both^in pre-revolutionary and in Soviet ^ 
Jlussia, ifta the autljors turned to thfe expferimental^' study of tte use-of 
this method" in the schools, thus -acquiring a sufficiently detailed 
notion of the psychology of teaching the analytic method ot p^roblem 
sowing. This work will show ^the position this method should occupy and 
where to look for new, productive means of problem breakdown. Undoubtedly 
the study of productive means of analysis and^^frhiesis should be continued 
Tiie present work Is only a beginning; - , 

The work^was" done in the education laboratory of the Psychology 
Institute of the Academy of Pedagogical Sciences of the RSFSR, ujder the 
supervision of N. A. Kenchlnskaya . ' 
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SUBSTAJITIATION OF THE PROBLEM OF ANALYSIS AND SyUTHfiSTS ^^v ---;- ^- 

^1. A Physiological - Basis of Analysis and Synthesis Processes 

' We *can begin wt|h the familiar tenet in dialectical materialism 
that thought is bo£h analytic arid synthetic and that ih^ analyt% and ^ , 
synuketic processes are bound together inseparably. \ ,^ 

Analysis and synthesis dompDse the physiological basis &£ the - 
anaJrytic-synthetic meAtai activities -carried out by the cerebral Cortex. 
Pavlov iZh] shoiSfed^ repeatedly thiitjthe* cortex sirault^eously tod 
continuously carries on both analytic and synthetic' activity. The 
analytic process decomposes the '*comple«lties of the world", ipto' * \ 
"separate parts," to use Pavlov'* words; it isolates individual facets 
of the environment. In synthesis, connections between the separate 
parts that were isol,aS:ed in the analysis and in the appropriate activity 
of the organism are ""^tied together." 

Pavlov points out the differences in the degrees of complexity of 
the analy^iic and synthetic processes. Only certain elements of the 
environment can be Isolated and tied together with a definite activity 
of an organism. When an entire complex of stimuli influences the element 
composing tt during a rather long period of time, a connection is 
established and, later on,» this complex of stimuli will be Isolated by 
the analytic process (i.e./ the elements synthesized earlier will be 
isolated) . As the investigations of Pavlov and his associates have 
sho\m, a relationship between stimuli can be dls4:inguished , and this 
relationship can be identical even though the composj.tion of the stimuli 
might be qualitatively different (e.g., the rhythm of sounds and the . 
rhythm of a light bulb's flashing might be identical). To isolate this 
identical relationship and to abstract oneself from the qualitative 
difference in its elements undoubtedly dWands a high level of Analytic- 
synthetic activity. \^ •> 

Temporary reflex-conditioned connections afe established during the 
simultaneous or sequential influence of objects of the environment on 
an organism. However, many of-"^ th^se connections can prove to be coinci- 
dental, unrelated to reality, by an objective correlation of the objects 

V; ^5 • C 



and phenomena of the environment. As Pavlov -^s shovm^ we must form not i 
only temporary connections to obtain a* proj^er relationship to the extex;- / 
nal world; but ^ n^ust also be continually and rapidly correcting these 
conneptions, when they are not justified by reality, i*e., we must be 
ready to revoke them. This revocation of temporary connections' is idar-- ^\ 
5ie'4 out with the aid of inhibition that , detaches whatever does hot 
Cjorrespond to reality aad,is one basis for the highest forms of analysi^. 
^ As a result of this activity, the true relationship of the'animal ,to 
its envirojiment becomes more and more precise. We "se'e that the analytic- 
s^hithe^tic ^ctivity^of the cortex in' animals becomes highly complex. It* 
reaches an immeasurably Miigher leVel iny^Si^ with his **ex^r a ordinary addi^ 
tion" — the, feecond 'signal syg^tem, spe^h. . . ' \ 

'•"Speech ^s for man just ^s real, a 'conditioned stimulus as , all the 
other common ones ax^ for anifflals, huf. at#the s^e time, se all-embracing 



that no others in animals approach it either quantitatively or Jjtialita^ 
.. tiyely. Speech, thinks to the entire previous life of an adult, is 
connected to all internal and external stimuli entering into the large 
cerebral hemispheres; speech signals and ^replaces all^of them, and there- ^ 
fore is able to evoke all of those actions, the reactions of an organism, 
which cause those stimuli [21:429]." 

''Due ti£) the signalling of th& first signal system in speech, as Pav- 
lov has shown, a new principle of neural (activity is introduced — 
abstra ction together with generalization of the innumerable signals of 
the preceding system, in its turn again analyzing and synthesizing these 
new generalized signals — a principle conditioning the unlimited orienta- 
^ . tion in the' environment and^ creating a higher adaptation for mankind — 

* '\ ' The generalized and indirect knowledge of reality realized in 



^nalytic-synthet ic activity is the essence of thought* 

2. The Int^relat lonship o_f^ Analysts and Synt hesis iri Problem Solving 

Solving aritlimetic problems, like any other thought 'process, is an 
analytic-synthetic process.^ The concrete subject matter of problems 



It must be emphasized that when we consider thought as ^ complicated 
analytic-synthetic process, we are using the terms *^analysis^* and "synthe- 
sis** in their broadest sense. They include such thoxight forms as judg- . 
ment and deduction, and such processes as comparison, generaliz.ation and 
abstraction. We consider the proeesses of analysis and synthesis in 
exactly the same broad sense in which favlov used the:n when speaking of 
the analytic-synthetic principle of brain activity. 
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is 'extremely varied, biA definite mathematicaX rela-tj-onships underlie ^ 
them, as well as known mathematical principles i:hat relate, the data to 
jone another and to the unknQwn quantity. • " 

The purpose of analytic-synthetic activity in solving a problem 
should be to ^xpose its mathematical content as described ^by th§ conctete 
situation in the hypothesis as well as to ascertain the relationAips 
o^ the'data po one another and'to"|:he unknown quantity, and, having. 
■ isolated, the appropriate principles, to determine the value of the 
unknown f^rom the known data. 

'/ The analysis begins with the decomposition of the teit of the problem 
into ''separate parts." Thus, individual woprds, numbers, or elements of 
.the problem might^be isolated (Merichinskaya called such ap analysis ^ 
elenfental). Thus, in the problem: . - ^ ^ . ' . . 

Twenty-five birch trees were felled in the forest,' 
but only 1/5 as many linden trees. How manyVrees 4 
were felled altogether? * *^ 

The student might isolate the numbers (25 and 1/5) and the words "as^iany" 
and then start to tarry ouT^Uve operations on' the basis of these elements, 
taken from the text. A synthpis which was carried oxSt on the level of 
such an. "elemental" analysis Ught fr^quent^ly be mistaken or superfluous, 
or might not lead to determining the value of the unknown quantity. 

So" long as the unknown and the data of the problem and their 
interrelationships are defined not by isolated words but by combinations 
of than (forming definite complexes) , a productive solution of the 
problem demands a' synthesis on the level of ''comglex anaJ^rsis Thus, 
the following complexes should be isolated in the problem stated above: 
"25 birches," "one-fifth as many lindens (as birches) ," "how many tregs 
in all (birches and lindens) were felled, and then the relationships 
between these complexes should be found. 

If. the problem's structure is familiar to the student (that is, if 
he lias solved several similar problems in the past) , then he will 
abstract himself from the details of the concrete situation and isolate 
the appropriate relationship easily and quickly, and solving the problem 
will present no particular difficulty. 



«J» ^The descriptions of analysis as "elemental," "complex," and 

"anticipatory" were given by Menchinskaya [17].' 
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Thys, Galya K.,.^ fi-fth,-^rade houors pupil, reads Problem No.»4: 

Fourteen m of wide lace and 9 p o^narrow lace were 
purchased. The wide lace cost s±x rubles 30 kopeks more 
than the narrow lace^ How much is A m of wide lace and . 
1 m of narrow lace, if it Is known that 1 m of-ir^de lace ^ 
^' eosts 20 k^ipeks ^re tfian narro>r lac6? V * 

-S'Aha,'' she says, "They paid 6,60 rubles more for the wide lace.. 
...•That^s for 5 m extra... and tor 20 kopeks more peyi. meter. So for 14 m 
they would haveijpdid- 2,80 rubles additional for wide lace, and hepce 5 m 
of narrow lace would '6/^30 - 2.80 

Although Galya ttiad never sdlyed this problem abt)ut lace, she had. 
frequently met probl^ that were structurally similar. ' This familiarity 
served "is a basis for decomposing the relationships between the data and 
the .unknown that are characteristic of problems with this sort of 
structure, and assured a higher level of analytiC'-synthetic activity in 
solving this problem. 

\ 

We can see that in perceiving the' problem^ s conditions, Galya 
separated the relationship between the data and the unknown and determined 
■ a course of solution, and then a way to find the unknown quantity was 
immediately clear to her. 

The relationships between .the complexes (of the isolated data to one 
another and to the unknown) stand out immediately in the analysis. This 
particular aspect of analysis can be attributed to anticipatory analysis , 
provided that it is directed at the succeeding oper'ations. 

The physiological .basis of the g^-ven process is the forms/tion of 
. definite systems of temporary associatl^ons that become increasingly fixed 
by uniform repetition of the conditions ,\ by virtue of which the appro- 
priate process is brought about more easily and automatically. Thus, 
to Solve problems with a familiar structure, one reproduces associations 
that have been formed and consolidated earlier. 

Tlie' analysis becomes significantly more detailed in the solution of 
more or less complicated problems that are new for the pupils (task- 
problems ) . Task-problems are what we call problems, both model and non- 
model, whose coiirae of solution is unknown to the pupils, and therefore 
. they must find it, i.e., find the relationship between the unknown and 
the data. " - * 
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' ^ "People reduce #very drill, every training, habit formation, 
orienrtation in the environment, among natural events, eithar to the 
"formation of new connections or to the finest analysis," Pavlov points 
out [21: 333]. The solution of problems who^e structi^e Is familiar 
depetyis mainly on the reproduption of old , well-con^Slidated associations . 
The solution of task-problems presupposes the formation of ^ associations 
based on the finest analysis. ft ' * 1 • 

However, Sechenov says , '"Not. a^ single thought passes thrqughUhe^^ 

mind of a man during his entire* lif^ which does not arise fybm elements 

« 

registered- in his memory [33: 441-442]." New associations can be ^ 

« ' 'k 

preserved only on the basis of old' ones already amassed by past experierice. 

*" 

^^lysis in the solution of task-problems is directed at is dating /these 
old associations, these "elements registered in the memory," tt!^rough which 
the new ones can be established. 

^In solving problems with a familiar structure, the pupils sometimes 
isolate the relationships between the Unknown and the data while reading 
the problem, but in task-problems the data and the unknown appear apart 
and, to find fehe relationship between them, an entire series of inter- 
mediate elements must be isolated in the process of the finest ^analysis / 
which will connect the dat^ to one another and to the unknown. A fecial 
analysis .of the unknown and the data, 'and the functional relationships 
between them, is then necessary. 

In the anal ysis of" the unknown and the data their content is made 
^more precise, the composition of the complicated data is revealed, their ^ 
basic properties and features are isolated, i.e., the pupils answer the 
questions; "What is this?", "Wtiat is it composed of?"', "What features 
does it have?" 

The analys is of functional connections is directed at isolating the 
pj-inciples on the basis of which the interrelationships between the data 
and the unknowh might >e established," as well as at isolating » the very 
relationship on whose basis the unknowri quantity might be found. 

For example, consider the following problem: 

'Vitya bought a notebook for 20 kopeks, 3 pencil^s for 30 
kopeks each, and he had four pyatachki left. How much money did 
Vityp have at the start? 



■ < . ■ - . , > ■ - : ■ -; 

First,^ tl^lM|t datum shojald be* subjected to ^special amlysis. The 
^pupijs' sH^R exp;^ltir that a'^D^mtlcliiii^^^ coin whos^ va^ue is ^5 kopeRs, 

and ^w^nsequently^^^^ya^^^ 4 of^S^kppeltfi each. In disclosing t^e ' J 

composl^loii of 'thi? datujf^ the -pupils ^ea»il^ determine its -magnitude also,"'' 

A special analysis of t^e tJu^nkjiown is also necessary here to Reveal 
the composition c^f'thfe unknown. . The problejn a^s'how much money Vity^ had 
at tlie^tart. ^ ^ . * . * • . i ' > \ 

"When wa&, it?" ' I ^ ' 



"Before ?«ie 

"Anil what did Ke buy?" ' ^' * . . , — 

"Notebooics and penci^-s." * ^ ' '* i ^ \ 

"Did^hd 'spend all his money ?'\ ' y^' . '^i' ' ^ " .\ ■ ' f^i \ 
"No, he stii:V,had 4 pyatachki, that is, *20 IToifceks.'i 
Ana lyzing the) isolated dat« and tjie 'functional -relationships betwe,^x; 
them makes it po^ssible to establish definite relationahip^s between the 
data and to synthesize them* ' ^ . , ' 

Tlie content of the t^ta can be extremely diverse, and the ii)ter- 
relationships that they ^an^have a^e also^^Jiverse / #In the problecy^ gi>>'en 
abov^, onettcan compare the costs of the* notebooks and of all the fencilslf 
and determine theiy difference; one can find^ the. cost of one pencil arfd 
find out how much more expensive the notebook is; one can compare th^ 
money spent and the money remaining. Which of these possible operations 
must be carried out? ' a * 

The only operation, the only synthesis t^iat b'e^ro ductive is. 

one thar will bring the piyil closer to finding the unknown quclntity. 
T]ie pupil should chop^e from all possible relationships those tWf will 

"corr^pond to reality" to the situation of the problem. 

A problem is, a question whose answer should be found by determining 
definite relationships between the unknown and the data. Tlie appropriate 
relations ^ould be chosen with a view toward determining these relation- 
ships (i.e., the pupil^ should rise to the level of anticipatory analysis). 
To determine ho^ much money Vitya had at the start, one must find out 
how much money he spent and how much money he had left; it would be 
superfluous to determine the difference in the coRts of pencils a;id 
notebooks. ^ 




3 

The .author observed that without a special analysis of this dai 
the students operated with it, as a known quantity, regarding 4 pyatachkT 
as 4 kopeks , 

A 10 ^ 
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♦ A proper choice of productive reiationships is possible only on the 
basis of the analysis of aJJ^ the data and tt^ The appearance, 

in the solytion of "superfluous ayntheses" (a term us£4 V the methokolo- 
gist Bellyustia, [1]) — operations which do fiot briAg one closer to the ^ 
unknovA- involves passing to isolated analysis ^f the seoaratA elements 
^of the problem. The .pupil isolates Individual words br data and begins 
to combine them on, the basis 'of his past experience , without correlating 
'them with the other data or with the unknown>(a synthesJ-S on the level ^. 
of an eiemental analysis) . ^ 

It must be remembared that words are "all-embracing^stiniuli. " The 
same Hord- in one problem might be connected with one operation, and in_ 
another problem yi^i4.h its opposite. Thus, in .the problemT. /"Twenty fir ^ 
trVes grew in a lor est plot; eight w^re cut down. _ How many Remained?" • 
the wqrds "cut down^and ."remai^fci'' are connected Vith subtraction. 
But in .another problem, stating that "eight fir trees were cut down, and 
12 remained fin the plot. How »any fir trees were there?". — both of the 
^verbs are connected with addition. . - f 

If the pupil is in the habit of choosing arithmetical bperations- y 
by depending on isolated elements in the problem's texfr-^isolated words- 
taken from the text— then, in the ^second problem, if he isolates the 
'words "cut down" or "remained," he-will try to subtract, since 'Jremalned" 
ha? been associated most frequently with subtraction in his experience. 

A productive synthesis can be performed- only on the basis of a 
comprehensive analysis of the data, the unknown, and the functional 
relationships between them. 

Problem g.olving ?! an analytic-synthetic process. Analysis and 
synthesis are int erdependent . Investigation of independent problem 
solving showed a gradual substitution cTf these processes for each other 
both in pupils and in adults. In analysis the pupils isolate sufficient 
bases for the synthesis, and the synthesis is carried out immediately 
afterwards. The new datum obtained as a result of the synthesis is 
again subjticted to analysis, and the connection between them and the 
known data, is re-established. Thus, in this activ4t|v^he well-known 
proposition of Engels on the indissoluble ties between analysis and , 
synthesis is substantiated: "Thought consists as much in decomposing the 
objects of consciousness into their elements as in unifying the elements 
which are related to one another. There is no analysis without synthesis 

[8: 40]." I , 
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Thus, analysis in solving aritliinetlc problems includes, first, 
decomposition of the problem into individual data and the unknown, 
discovery of the content of the unknown and the data, isolation of their 
^ individual feature>> and facets, isolation of principles connecting them, 
i^and isolation of their functional relationships. Secondly, analysis is 
included' in the selection of the "appr.oprlate realities" of productive 
associations that lead to the determination of the unlaiown quantity. Such 
a selection is pbssible only with a thorough analysis of all the data and 
the unknown of the problem* 

3. A Contrast of Successful and Weak Students in Problem Solving 
That pupils differ in their success in aritlimetic is clearly shown 
by the different levels of their analytic-'Synthetic activity in solving ^ 
task-problems independently. We shall compare the methods of solving 
task-problems by students who were successful in arithmetic with the 
methods used by weak students. ' 

^ An outstanding fourth-grade ardent in tlie 172nd Schooi, Valya K.^ 
was told to solve the fpllowing problem independently: ' ' 

Two workers teceived the same sum of money for work ^ 
that they had done. One was paid 20 rubles per day, and , 
the other was paid 12. Determine how many days each ' 
' laborer worked if it is known that the second worker 
put in 6 more days than the first. 

The record 'of her solution follows: 

Valya read the problem slowly, distinguishing clearly 
by her intonation one datum from another • (She wa^ 
conducting the primary analysis.) She Vepeatcd the * 
question of the problem twice and singled it out 
* particularly. The problem was difficult, and Valya did 
not hurry. She turned to the text and re-read it more 
thoughtfiully . \ 

"The second laborer was paid 8 rubles less. But they 
both received the same amount of money — so he liad to 
work 6 days more*'* She isolated the. essc^nco. of thP! 
problem, thus det:ermining the main function^^ relation- 
ship: *'He was paid less>but worked more days. The 
second laborer worked an extra 6 days." She continueci, 
"How much money did he earn In these 6 days? 72 Rubles/.. 
72* The second laborer earned in 6 days...." She re- ) 
analyzed the data she had obtained. 
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"And how did I find that out?" Valya^ asked herself, 
and made tt more precise: "The second worker received 
8 rubles less \10 - 12) and therefore worked 6 days more.*. 
In 6 days l\e received^ 72 rubles, and, in .one day 8 rubles 
less,..72 4-8-9 days*.. What kind of days are these? 
Who worked during them? ... The first laborer worked 9 ^ 
days. And the second' laborer? He was paid less;. in 9 ' 
days he wouldn't make 72 rubles, and he worked 6 days 
more/' Having isolated .this relationship, Valya easily 
found the second unknown: "The second ^laborer worked 
15 days'. 

As this record shows, an extremely high level of analytic-synthetic 

Zvity is characteristic of. Valya K. She operates not 'with elements 
ly taken from the text of the problem, but with entire complexes. 
She carries out the synthesis only when she has a sufficient basis for 
it." Each new .datum she obtains is* analyzed, and its significance ^or ■ 
approaching the basic goal — the unknown— is evaluated. This "procedure 
'for solving task-problems is typical of pupils who have high grades in 
afitlunetic. Successful pupils show a high level of analytics-synthetic 
ac^^ity in problem dolviftg. 

Pupils with poor! problem-solving skills solve rather difficult ^ 
problems, task-probldas , in ^ different way. ^We shall consider a 
solution by a weak fourth-grad6 student in the 69th School, Oleg A. A 
problem was given to him (Problem No . 14) : 

Four pieces of material, each 50 m.in length, were 
brought into a shop. Twenty luits and' several overcoats 
were made from the material. How many overcoats were 
made if 4 m were used for o"ne overcoat and 3 m for a suit? 



The problem was. not easy tor Oleg (although this type of problem is 
^solved at the beginning of th^^ third grade). \ 

Oleg read the text of ^the prpblem through superficially^ tfithout 
' expression, and without . precise decomposition of the separate 
data. Then, putting aside-tha paper on which the problem 
was written, he took up his pen. 

**Four m of material went into the overcoat, and 3 m Into 
a suit." He remembered a pair of the known data and asked, 
"How many meters were used for one suit and one overcoat? 
Seven," he calculated and turned to something else: "They 
bought 20 suits; how many meters went into the suits? Sixty." 
Then, still without having posed the question, he divided 60 
by 4,- After getting 15, he stopped. 
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•Vhat did you find out?** the experimenter asked^ • 

"This is how many meters go into one overcpat," Oleg 
answered, without thinking (obviously, he had forgotten that 
this was given iix the problem) and wrote down (meters) 
by the 15 • /. . ■ \ 

"How many meters went into all the suits?" Oleg continued. 

" 15 X 3 * 45 

"Explaiji what you're doing," said the experimenter. 

"Three m went into one suit, and we found out how many 
went into them all " 



There is no point in quoting the record further. The nature of the ' 
solution i^ clear. At the beginning Oleg isolated individual data* and 
carried out operations with them, although they did not correspond to the- 
other data or to the unknown (and then he performed a superfluous synthesis)*. 
Furthermore, he began to operate with only the numerical quantities, 
assigning a sigrtif icance to them quite arbitrarily, and he did not compare, 
these quantities with each other in) actuality . Oleg manipulated the 
numerical data, in fact, and used blind trial and error. 

This sort of solution is very clearly depicted by Nosov [19]^ in his 

work Vitya Maleev in School and at Home : % 

There were 8 ^aws and 3 times as many axes in .A store. ^ 

Half the axes and 3 saws were sold to a crew of carpenters 

for. 84 rubles. The remaining axes and saws were sold to 

another crew of carpenters for 100 rubles. How much does 
one saw and one axe cost? 

Vitya shortened the problem, simplifying it: 

12 axes and 3 saws cost 84 "rubles. 
12 axes and 5 saws cost 100 rubles. 
How much does one saw and one axe cost? 

Vitya explained, ''I could not shorten it- any more, 
and I started to think about how to solve the problem. At 
first I thought that if 12 axes and 3 ' saws cost 84 rubles, 

* ' then the saws and axes must be added together and 84 should 

be divided by whatever was obtained . i added 12 axes and ^ 

* saws, and got 15. Tlien T started to divide''84 by 15, but I 
got a remainder. I understood that some sort of mistake 
Jiiad occurred, anfd I, began to look for another way.^' 

"1 found one: I added 12 axes and 5 saws, got 17, and 
began to divide 100 by 17, but again there was a remainder. 
Then I added all 24 axes together and added 8 snws to them, 
and also added the rubles together and began to divide, the 
rubles by the saws and axes, but the division still dldn^t N 
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come out right, Thenrl began t<j subtract the saws from - * 
tKe axes' and divide the motiey by what I obtained, but 
^ all the same I got nothing, ■ Then I tried again, to add 
up the saws and the ax^s separately, and then subtract 
the axes from the money and divide what was left by* the 
saws, but whatever I tried, no sense can^e of it . . 
• [19: 145]." ' 

Every instructor knows how typical Vitya Maleev*s tnethod of solving 
problems is for pupils who are not making normal progress. The level of 
analytic-synthetic activity is too low. They add up the axes and the 
rubles easily, without thinking of the meaning of what they obtain. Their 
solution-process frequently leads to a simple manipulation yof the numerical 
data taken from the text of the probl^* 

To instill an ability to solve problems, one must teacli the*pupil^ , 
«to carry out the synthesis only on the basis of a thorough analysis of 
the, problem; one must!^ provide them with productive means of analysis, 
which they cafi use while solving rather complicated problems, task-problems, 
independently. * 

4 . A Comparison of Analytic and Synthetic Methods 

How can we teach pupils to analyze a problem? To resolve this 

question, mathejnatics instructors first turn to the methodological' 

« 

literature. . . . , 

Ordinarily, inj. considering tne question, ^he authors of methods 

handbooks describe and o^^mpare the two methods of reviewing a problem — 

the analytic and the synthetic. - 

Let us recall the way to break down a problem by each method. Suppose 

that' the following' problem [25 ? 71] is given: 

An airplane travelled 1940 km the first day, an<V travelled 340 
km further on the second than on the first; on the third day it 
travelled 894 km less than on the first two days together. How far 
did th^ plane travel in the 3 days? 

Reviewing this problem by the analytic method, we start with the 
question: '^Tlie question asks how many kilometers the plane flew in 3 days.*' 
To answer it, we must know how many kilometers the plane travelled eac^ 
of the three days. know that it travelled^ 1940 kjn on the first day, 

but 1k>w far it travelled on the second and third days is unknown; % 
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To find how many kilometers'^ t travelled on the second day, we must 
know how many kilometers it travelled on the first day and how many more 
it travelled on the second. Both data are known. 

/To determine how many kilometers the airplane travelled on the third 
day, we must know how many kilometers it travelled on the first and I 
second days, together, and how many kilometers less on the third day. We 
know the latter, but not^the former. 

To find the distance it travelled on the first and second days to-- 
gether, we .must know how many kilometers it travelled on «ach day 
* separately • All th4 necessary data are at hand, and the breakdown is 

completed. ' ^ . 

With the synthetic method, of breakdown, we begin with the known datai 

1. We know that on the first day the plane travelled 1940 km, and 
340 km further on the second* Consequently, we can find Out how far the. 

• plane went on the second day. must add -1940 km to 340 km, to obtain 

2280 km. ' • ^ - 

2. Now we know that on the first day the plane travelled 1940 km, 
and 2280 km on the second, and therefore we can find out how far it 
travelled on both days. etc*, all the way up to finding the unknown. 

Thus, in the synthetic method, the Concrete data of the problem are 
the starting point, and we ask a question about then, the answer to which 
should bring us closer to finding the unknown*. 

In the analytic method, the unknown is the initial step in the ^ 
discussion. In complex problems, it might -not be defined directly by 
combining the known data (intermediate steps would be necessary) ♦ The 
^ solver selects data for the unkriown that are not contained directly in 
the text but which he deems necessary for finding the unkno^ quantity . 
These data are expressed in an abstract, logical form, since^heir 
numerical value is' unknown. 
y ' In the synthetic method, the breakdown of each link ends in resolving 

the question and in finding a new link, and the solver relies on the 
concrete values of tlie intermediate data. In the analytic breakdown,* the 
entire chain of tiu^ discussion should be built up from abstract, logical 
categories; only in the last steps do the abstract data receive numerical 
values . 
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The breakdown of a problem by the method of analysis is a logically 

valid argument whose initial step is the final question of the problem, 

the unknown, and each link follows regularly froi^the preceding one. This 

logical order, the strict validity of the links m analysis, attract 

methodologists to this methods 

^ Are pupils capable of constructing such a rigorous, logic'ally valid 

argument as the method of analysis proposes? In what grade can thi& . ' 

method be introduced? To what extent does practice in the construction, 

of this type of logical argument enable the pupils to solve problems and 

keep them from the superfluous. Invalid operations to which they are 

sometimes so susceptible? To which method — the analytic or the synthetic 

— and when, must priority be given? 

> 

It shouljd be noted there .is broad disagreement on these questions., 
I do not propose to give a systematic exposition, of the. views of all 
authors; but I shall try to outline the basic solutions to the questions 
ih the works of pre-revolutionary and Soviet methodologists. 

5 . Views of Methodologists on Analysis and Synthesis . 

in Problem Solving 

r The f^re- Revolutionary Methodologists 

A description of two methods of solving problems — from the data to 

the unknown and from the unknown to the dat^, without introducing the . - 

terms "analytic" and "synthetic"-- -can be found in the 1896 methods text- * 

book of Evtushevskii [10], He write's^ 

At first, in an elementary arithmetic course, it is both 
more n atural and easier to carry out the solution of a 
problem from the given numbers to the unknown, which is 
clearer and more Makers tandable for the pupil; subsequently ^ 
it is useful to pass to the reverse solution gradually , that 
is^ starting from the unknown, determining its connections 
with, the numbers given in the problem. . .The change f ronf one 
method to the others is one of ^he most powerful tools in 
the development 'of the pupil's thinking arid simultaneously 
prepares a method, Vhlch tho. pupil will^ need later, in 
composing ^'^mulas and equations f rom problems [10 : 88-89]. 

Evtushe'vskii regards as a necessary cond itio n for transition t9 
the method of analysis . (to use the modern term) the student's acquisition 
of the skill in remem bering the entire content of the problem and the 
presence of a precise co nception of the data and their connections in 
conformity with the text of the problem, 
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. He demonstrates a review of ^fh^ problem "from the unknown^* (i^e., by 
the method of analysis) iu three op^erations with an extremely clear 
relationship between the data. He gives the review of a more complex 
problem (involviflg six operations) difiptently. He suggests isolating 
.the question of the problem and the know^v data, then listing all the . 
intermediate data that should be found bef^oye" the unknown quantity can 
be determined. Listing these data will proc>^e£f\;,^n, the order as the 

performance of the arithmetical operations. Tl^t Ms, the review proceeds 
by the synthetic method, biJt at first the entire piaxi of solution is 
composed, and then the appropriate arithmetical operations are carried 
out* 

^Thus, just as the method of synthesis is easier a^d more natural for 
the student,, so the breakdown of more complicated probi^s is carried 
out in the same way. But this method should be combined the method 

of analysis, which influences the development of logical thought in 
the pupil in a positive way. This is Evtushevskii*s opinion of both 

methods. *^ * ' 

The greatest methodologist of the 19th century, Latyshev [13], *^ 
emphasized that a school should not only inculcate definite habits, but 
shQuld **taach one how to *think" and develop ingenuity in its pu]^ils . 
Ttie author held a low opinion of the method of analysis • He considered • 
it i/ossible to use analysis only after a series of exercises, especially 
exercises on the selection of data for the unknown. Latyshev said: 

In teaching students to determine by which numbers unknowns 
of a known type can be found one can compdse a plan, after the 
proble m^ s solution , beginning from the unknown and describing 
by"what type of data it was found*.* Hie composition of similar 
plans after the* solution of problems is easily accessible to 
. students • And only when the pupils can compose such plans very 
well and have become accustomed to determining by what data the 
unknown can be found should problems even be solved , beginning with 
the unknown and discussing by what data it can be determined*., 
(italics mine — Z.KJ .-.one cannot give materials for 
practicing the analytic solution of questions in the study of 
aritlimetic (with children); geometry supplies an abundance of 
similar material, and therefore the study of geometry is very 
^ opportune for learning the analysis of solving questions, 
starting from the unknown. 
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In arithmetic probleans only in isolat;ed instances ♦ 
can questions which are posed from the unknown actually 
help the pupil in solving the problem, and then they 
ordinarily can only direct him- toward explaining the content, 
but cannot guide him through the entire solution [13: 132- 
' 135]. 

Exercises in this method of solving problems should not 
take u|_ much time . . . , since the time which the students spend 
mastering it is not justified by its usefulness to them ; it is 
more advantageous to spend time on other exercises which are 
more closely related to the nature of the required work, to 
the general direction of the course [13: 101] (italics 
mine — K0» 

As one of these more useful methods, Latyshev suggests introducing 
an ''explanatory discussion*' with a ''Why?" question as a basis. "Super- 
ficially," he explains, "a feature of the method is expressed in the 
establishment of the question - the students intend to treat *Whyf* in 
some way or other [13: 101]." In concrete examples, the author shows 
his recommended method of breakdown. *^Why did the second purchase cost 
more, why did' the second train catch up with the first, why did he receive 
less than he assumed?" All of these "whys" are directed at uncovering a 
basic link in the problem, at uncovering the. basic principles linking the 
unknown to th^ data. ^ 

It is not the analytic method of breakdown in its "classical^ form, 
but a versatile breakdown of the problem, a dismecibaw^nt of its main 
link^exposing the functional relationships of the data!) to one another 
and to the unknown, with the aid of a 'Vhy?" question — that is the way 
which, in Latyshev 's opinion, largely permits the goal of "teaching 
thinking," teaching independent solution of a problem, to be attained. 

-^'One must teach all students to use maihly th^ synthetic method," 
asserts the distinguished methodologis t of the late 19th and early 20th 
centuries, Shoklior-Trotskii [34]. "The synthetic method," he explains, 
"is in general somewhat easier than the analytic, since .pupils applying 
the syntl^etic method use their common sense -and their ingenuity more 
freely , starting with the given^ numbers , and not with the unknown nimibers- 
[34: 287]" (italics mine — Z. K.). However, in Shokhor-Trotskii 's ' * 
Qpinion, "the synthetic means of solution can distract the pupils from the 
necessary operations and lead them to operations which are unnecessary for 
solving the problem. It meets^ the mark when the problem is not very ' 
complicated [34: 285] 
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The analytic method "demands considerable mental acuity and 
/ considerable ppwer over the reasoning proceeding from general consider- 
ations.'* This method "leads slowly to the goal, but also never denies 
5 itte help ... (it) leads more reliably to the goal [34: 285]*' (italics, 
mine^— Z. kT^ • 

"It is important,** Shokhor-Tro tskii remarks, *'thtt pupils learn to 
solve problems independently of the rules of solution^by the tiresome 
analytic or by the not-always-reliable synthetic methods [34: 287] w-'* The 
author recommends training the pupils at first in Che solution of a 
'"^ibuf f icient number of simplified pr5blems, i.e., problems in which the 
conditions are l^id out in the order which corresponds most closely with 
the sense of the problem and with the order of the required operations. 
Then., he suggests having the students change these simplified problems 
into unsimplified ones, in which the order of the conditions'^oes not 
correspond to the order of the operations. 

We see tKat neither; the analytic nor the synthetic method of 
problem- breakdown satisfies Shokhor-Trotskii - » * 

In Methods of Arithmetic by Egorov [7] we ^f ind an extensive compari-- 
son of thtr methods of analysis and^^ synthesis ♦ 'Egorov, foremost among 
methodologists, clearly stated the notion that solving problems is an 
analytic-synthetic process. He regarded the 'methods of analysis and 
synthesis in their pure form as methods of exposition of the way to 
solve problems . ' --^^ 

In his search for rational means for teaching problem solving, ^ 
Egorov followed in Latyshev^s footst,eps. He recommended simplifying 
the data of a problem and investigating how on^ of the data might be 
formed with the iielp of the other data and the unknown. He considers 
it helpful sometimes to assume that one of the intermediate unknown 
quantities in knowif, for then it would be easier to determine the link 
between the unknown and the data; in problems on merging, it must be 
determined why a profit or a loss was sustained, and in what way, and 
so on. Egorov *s instructions .for rational means of finding solutions 
to problems are also of interest today. 
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Arzhenikov resembled Egorov in his opinions. He also believed that 
guess-work and mistakes are possibl» in the analytic method of problem- 
breakdown as weJ^ as in the synthetic. At the same time, according to 
him, the method of analysis is so difficult tha^» it can have only partial 
use in elementary school, where the method of gynthesls should predominate. 

The notion of the analytic-synthetic nature of thought in problem 
solving was developed further by Bellyustin [1]. He said, "Neither 
isolated synthesis nor isolated analysis can be considered means of 
solving problems. Problems should be solved by the combined use of 
analysis and synthesis'* (italics mine Z. K.). 

• In order to solve a problem, one must combine its data. In a more 
complicated problem ^'superfluous syntheses" (Bellyustin' s term) are 
possible/ that is. comb:^na!*i^0ns of tW data which do not^lead to finding 
the unknown. Sellyustin sa^^ : * 

In such a case, in order to arrive at the necessary synthesis 
more quickly and accurately, and, consequently to arrive at the 

oblem^s solution, one can utilize the reverse method of break- 
downs-analysis. Most children do an analysis of problems, 
but in an abridge4 way. Tliey ordinarily carry it out silently, 
to themselves, often vaguely, with jumps in their logic, 
digressions and backward ^eps^ During this time, the mind 
crosses from one combination of data to 'another, sometimes not „ 
, pursuing it to its end, because it carries ou^ superfluous 
synthesis and does, finally, m ajitire series of decompositions 
of the question. All of this v^rk is useful to a great extent. 
...In order to impart to them the ability to do this, one must 
repeat problems that have already been ^solved or perform an 
fil^alytic breakdown of them [1: 54-55]. 

According to Bellyustin, a complete analysis is rarely encountered, 
lie writes : 

The reason consists in the difficulty and the complication 
of such a breakdown. It is useful only as a new form of 
logical thought and as a refresher for the synthetic method. 
Its best place is in problems which have already been solved 
synthetically. The analysis of a problem after it has already 
been solved is not difficult and is accessible to children; * 
it clarifies and supplements the synthesis [1: 54]* 

The author considers ^^ab rldged apBlysis" more natural and easier 

when a d^ficult problem is separated, not into simple ones as in 

complete analysis, but into two less complex ones, which are sometimes 

already familiar to the solvers ♦ Asking analytic qSaestions that follow 

from the main question of the problem facilities finding the solution. 
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("Why was a profit obtained?**, ''Why^ did one traveller overtake the 
other?", etc.) If a probleij is difficult, he recommends inventing 
similar problems with small numbers ("the method' of induction"). 

Thus, although he emphasizes the analytic-synthetic character 
of thought in solving problems, Bellyustin regards the method of 
analysis aa a method of breaking down problems that have been solved, 
useful "only as a new fcfrm of logical thought and as a r^efresher for 
the synthetic method." 

Shpital'skil [35] . criticized the views of Egorov [7] (and at ^the 
same time of Bellyustin [1]). Without denying that problem solving 
is an analytic-synthetic process, he still found that the 'Snain direction 
of thought unconditionally exists"and is for the most part neither 
synthetic nor analytic. *'The sj:rict^use of a particular method of 
thought," the author emphasized, "for the very solution of the prdblem 
is necessary for purely pedgogical goals [35: 11]*" 

An educational method that largely corresponds tK3 a child's 
natural course of thought would be more expedient and the metliod of 
analysis is such, according to Shpital' skii. Analysis should not take 
^place after the solution, as Egorov asserted, for then, Shpital ' ski:|- 
believed, its v^lua would be decreased, and the children would lose 
interest in the problem. The analytic method should be used during 
solution. AccordiniS^ to Shpital ' skii , finding the missing link in the 
chain of reasoning is especially difficult while solving the problem; 
analysis helps to find this necessary link* 

Analysis "^l^iminates the possibility of any ^^uess-work [35: 13]," 
Shpital'skii wrote' The analytic method makes the solution of problems 
easier, but "this method is 'by no means meant to be an automatic way to 
solve problems [35: 32]," It "provides jh plan, but a plan of the process 
of thought is, of course, just as consistent, not only for all problems,* 
hjit ill general for all instances of thought [35]/' Without analysis, 
without being separated into simpler problems in indefinite order, a 
problem cannot be solved - Shpital'ekii emphasized that the teacher's 
task is to turn his attention to this natural process and to order and 
reinforce • 
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. In contrast to other methodologists, Shpital'skii saw the 
advantage of the method of analysis in its difficulty, §ince thought is 
developed by overcoming difficulties. At the same *time, he strived, as ^ 
far as possible, to lessen the difficulty of the analytic breakdown of 
problems by introducing a graphic scheme, to make the analysis more visual, 
to show it *in its entirety, t6 emphasize the logical sequence of each 
link, to discipline thinking, and to provide the pupil with a method of 
^thought that will help him to solve other vital problems. 

Shpital'skii supported his discussion of the value of the analytic*^ 
method by describing a small experiment in training twenty students in 
different gra'des (from preparatory students to older ones, exactly which 
is not stated) during two summer months he prepared them to pass the 
examinations (all3of them had to be ye--examined after failing). He 
assented that the use of the "analytic method in connection with^the 
graphic method of solving problems" aroused the pupils' interest, forced 
them to regard a problem's solution conscientiously and to follow th^ 
logical train of thought. The pupils acquired the ability to solve 
problems of any difficulty. 

Ern [9] gave considerable attention to the metliods of analysis 
and synthesis. Comparing the methods, Erti emphasized that each places 
the solver in^ a posit^n where he must choose from among s*everal different 
combinations* To make the selection with synthesis, we should "anticipate'* 
and think about the possibility of composing successive simple problems. 
And, in the analytic method of breakdown, we must anticipate, in ^electing 
the data for the unknown, in order to chocrse the necessary ones. 

Choosing data presents greater difficulties, however, for the 
analytic method than for the syntnetic, according to Ern. 

Here one must frequently select data that are not yet * ^ 
in the problem, i.e., unknowns In their own right; there- 
fore it is much more difficult here than in synthesis to 
foresee which of the possible combinat ions* will be the ^ 
most -advantageous in the given instance [9: 97]. 

Although he observed that solving problems analytically "demands 
high mental development in the pupils, as well as skill in abstract 
thinking, and tl^^^efore should be carried out at a higher level of 
instruction [9: 102]," Ern still objected to using the synthetic method 
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.^lone in eleaentary school. ^ 

Analysis in the solution of arithmetic problem is the 
first and sinrplest use of those means of thought which have 
such great significance in algebra (in composing equations) 
and in geometry (in solving problems and in the proofs of 
theorems)* Therefore acquaintance with analysis in its 
elementary form is desirable in elerientary schopl, if this 
school is to be a preparation for secondary school [9:102]. 

Ern recommended starting with the breakdown of problems that have 
already been solved, in teaching the analytic method. ^ A problem that is 
algebraic i n nature , he pointed out, "cannot be solved by the ordinary 
means of synthesis and analysis [9: 117]"; it demands special and quite 
artificial means (the method of assumption is basic) . 

Summary - P r e-Revo 1 u t i onar y Methods Literature 

Thus we see that the greatest methodologists in Russia in the late 
19th and the early 20th centuries agree. that the analytic method develops 
logical thought in pupils, but that it is difficult. Various conclusions 
can be -drawn from this. Latysliev and Shpital^skii state tha most 
extreme views. 

Latyshev [13] asserts that because the analytic method is difficult, 
it is of l^L^tle use in elementary school , It would not be worth the time 
spent in teaching it* To teach the reasoning Involved in starting with 
the unknown is much more natural and more productive to use geometric 
material. 

Shpital'skii [35] we recall, argues that the method of analysis is 
useful because it is difficult • This method teaches one how to think, v. 
"eliminates all guess-work," ^implifies the solution of proble^ns . This * 
is the method of searching for solutions to problems. 

'^liokhor-Trotskii [34] introduces the notion that the analytic method 
"leads more truly to the goal," although the pupils "use their commo^i . 
sense more ^freely" with the synthetic method. 

Egorov [7], Beilyustin [1]^ and other methodologists show convincingly 
the possibilities of error in both the synthetic and the analytic break- 
down of problems. Indeed, both methods place the solver in a position 
where he^ust select one of several different combinations, and this ^ ^ 
selection is much more difficult in a the analytic method 

(and, consequently, errors occur more freqW^tly). 
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* ^ Solving problems is, according^ &o them, a complex analytic- 

synthetic process. It 1^ impossible to solve a problem by the method 
of analysis, which, according to them, is a way tq break down problenl6 . 
that have alrea^ly been solved. With this kind of breakdowi;^ the pupils * 
are trained in logically rigorous argument, which facilitates the later 
mastery of algebra and geometry, Ern [9] points out the inapplicability 
of the methods of analysis and synthesis in solving algebraic problems. 
• Many authors who are critical of th^ analytic^ and synthetic methods 
f intro^Jljl^ther , more productive (in their view), means for promoting 
problem-solviixg skills, Evtushevskii [10] "recommends a very precise 
decomposition of the problem into the known data and the unknown, end 
the composition of a coipplcte plan of solution, up to the execution of 
the arithmetical operations themselves ♦ Latyshev [13], along with t 
Egorov [7], Bellyustin [1] , and others , suggests introducing an "explan-- 
atory discussion,^* using a 'Vhy?'lv question to expose, the basic kernel of 
the problem and the basic relations between the data and the unknown. 
Egorov recommends simplifying difficult data in the problem, exposing 
their content, alter ing them, observing how <lhe other data are then 
changed, using a "Why?*' question broadly, and so on. 

These proposals for more productive means of working dti* problems 
merit attention at' the present time. We see that the pre-revolutionary 
methods literature contains no unanimous opinion- of the relative value 
and place of the application of the analytic and synthetic methods of 
breaking down problems. L^t us turn to the work of Soviet methodologists 
and see (again only in kits basic features) how they resdlve this important 
issue of analysis and synthesis In solving problems. 

4 

The Soviet Methods- Literature 

As was" noted above, a Soviet school strives not only to give its 
' pupils a fund of knowledge and skill; it strives primarily to develop^ 
well-rounded persons who will build a communist society. '^Ar ifhmet Icl^ 
information should be imparted to pupils by methods which promote their 
' \ thorough mental and moral develc^pment , writes Pchelko nfc : 4]. 

It is quite undets tandable tliat, with such a task> che analytic 
method with its rigorous system of, a logical chain of conclusions is 
partj-cularly attractive to Soviet methodo legists . In arithmetic teaching 
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manuals we^ find many lines devote^ to the question of analysis and 
synthesis. We shall investigate the positive and, negative features that 
various school systems have noted in the analyti<j and synthetic methods 
of ^problem breakxiovn, which are of interest to us* 

Kavun and Popova [11] assert: . ' ^ 

Whether "certain data should be .combineci is decided wi'th 
synthesis as well as with analysis. However, th4- students 
determine this subconsciously, without realizing it.» With 
the analytic method the process tends to be more conscious . 
...the ''analytic method*' which takes the pupils in the 
experimental, ^inventive directions in problem solving- 
(exactly how is not said — Z. K.), develops tjieir thinking — 
trains them in strictly sequential thought — but due to its 
abstraction and "Verbosity , it is very tiring and complicated 
and therefore freq^entl ^ cannot be Used in school and 
demands special pireparatory, exercises (solving problems 
with missing data, ^selecting the data for the question, etc.). 

It*^is noted in Methods of Arithmetic [41], that the analytic method 
is more helpful in developing the met^^hoiJ of synthesis; 

The students, after aski<i| themselves blind questions, 
. .whic>i either encourage them slightly or do not help them at 
all, can' begin to carry out th6 most unlikely manipulations 
with numbers, adding people to rubles, etc. With analysis the 
pupil approaches the goal by a strict chain of logical ^ « 
conclusions, but the need for this chain 4l6 incomprehensible 
to him. . .Composing such a chain is difficult for him. If the 
pu^pil is aware of the basic sense of a problem, he will Solve 
it rapidly synthetically [41:. 50]. ^ 

Because th'e method of analysis is difficult, the editor^ believe that 
it should not be iutroducect until third or fourth grade, and a teacher 
should not intend to develop problem-solving skills* by. this method in 
the primary school. ^ ' 

Tlie educational significance of the method of analysis is emphasized 
by Snigirev and Chekmarev [38]. ''It trains t^e pupil in strict sequential 
thinking [38: 49]." Acknowledging the difficulty of this method, the 
authors recommend introcluclng a series of preparatory ex4^rcises in the 
sei^ond grade so that the pupils^ will be, trained for full analytic break- 
down of problems in the fourth grade. 
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'The value of the method of analysis is obvious to Berezanskaya 
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" Tliere are doubtless advantages for using the analytic method 

of solving problems, in which the ability of the students to 
r eason\and to attain con siderable rigor is developed , as well as 
^ deliberation and coiisistency in drawing conclusion s ^ in contra- 

V. distinction to the Synthetic method, where through a series of 

questions one arrives at the goal coincidentally , as it were 
[2: 245] (italics mine ~ Z. K.)- 

) At the same time siie demonstrates that mistakes are also possible ^ 

with the analytic method, and that this method is di/ficult* even for 

fifth-graders, particularly if a problem Qan be separated into ^ore than 

three simple problems. With sufficient skill, the synthetic method often 

leads to the goal more faithfully and easily. According to Berezanskaya , 

various mt^thods must be used in school: th^ analytic, the synthetic, 

'and the analytic-synthetic. 

We find a very detailed exposition of the peculiarities of both 

methods and a detailed comparison of them by Chichigin [6], He also shows 

a preference for the analytic method, where the thought process is stricter 

and more consequential and **guarantees the correct metl^od of* solving a 

complex problem [6: 292].'* But this method is difficult, especially at 

m 

the start. It is difficult to understand that one^ unknown can be 

«• 

determined with the help of other unknowns (in the analysis of a complex 
problem). One must 'teach only partial breakdown of problems by the method 
of analysis at first. Chichigin advises using the complete analytic break- 
down of quite complex problems (with 5-9 questions) in secondary school* 

The autlior mentions the value of an anally tic-synthetic method of 
^oblem breakdown. But this is actually a mephanlcal combination of the 

ordinary methods of analysis afki synthesis. A^ first the full analysis 

' s ' 
of the problem is carried out, and then It is synthetically broken'doVn 

and solved. 

Lyapin [14] glyes a similar evaluation of the methods of ^alysis ^ 
and synthesis . #"1tTthougli he recognizes the analytic-synthetic nature of 
thought, he emphasizes* that 

The analytic method of re)isoning trains pupils in strict 
consistency of thought and promotes the development of logical 
thinking more than dops tj\e synthetic; this met!^d sliould 
always be used .whenever the instructor is not sure tlfat the 
plan of solution is clear to the jjupil^^ [14: 208]. 
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Polyak considers the analytic and synthetic methods of breakdown of 
problems in a number of works, although his views have changed radically 
since his Bagic Questions In Methods of Arithmetic [28] appeared. In 
this work of 1930, Ke asserted that the method of amalysis teaches the 
technique of solving problems and helps the work of low-achievers • At 
the same tim^ he wrote: 

, The method of analysis possesses an essential 
inadequacy in spite of all its externally positive qualities, 
which is that the pupils are deprived of the possibility of 
thinking through the problem, since tW teacher's questions * 
often prevent the pupils from concentrating on the problem's^ 
content, 

Polyak also stressed that the analytic breakdown is time consuming • 

In a 194D work [31], Polyak emphasizes the positive aspects of the ' 
method Qf analysis, ^This method guarantees realization of the soluti/on 
and prepares the pupil for practical life, since in life it is more 
frequently necessary t^o solve a problem by selecting the data necessary 
fjyr solving it th^ to explain what problems can be solved on the basis 
of the existing data. Therefore, Polyak believes that this method ought 
to be an introducl^ory method in all grades in school. Without srfienying 
the difficulty of analysis, Poly^ demonstrates a method of simplifying 
it in .elementarjf school (using partial analysis ,^ analysis of previously 
solved problems or of analogous problems, etc.). 

s In his- work of 1948 [29] Polyak speaks of the analytlc^synthetic 
method, and gives preference to it* This method guarantees a conscious 
solution, as long* as the composition, of a plan of solution precedes the !^ 
performance of the aritlimetic^lf operations • As a matter of fact. Just 
as ;^ith Chichigin [6], this method (in Polyak's description) is a 
combination of the analytic breakdown of a problem ii^^^s *^classical 
form^^ and th^^tTfcceeding solution by tjie ordinary synthetic method. 
Polyak considers it possible to introduce such' a breakdown even in first 

i 

grade . 

In his 1950 work [30], Polyak daes not intro^Lice anything new in 
resolving the question at hand. 

Thus, Poly*ak, who began with a low opinion of the method of, analysis, 
latef^ speaks of its great value and the necessity of making this method 
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introductory; in his later works (1948 ^nd 1950) he argues that the 
analytic-synthetic method should be introductory, but retains the -form of 
the analytic breakdovm of problems with no change. 

'*The analytics-synthetic process in breaking down problems is a 
method of finding a way to solve them [23: 61]'* — this idea is very 
precisely formulated in the works of Pchelko. In his Methods of 
Teaching Arith metic in^lementary School , which wen.t through several 
editions, he writes: 

Analysis is impossible without synthesis • In fact, 
wh^n we start with the question of the problem and select 
the data for it (analysis) , vie note these data not ^ 
abstractly, but, starting from the text of the problem^ 
from numerical data and from the confcept of the problem as 
a whole (synthesis) * On the other hand, when we start, the 
breakdown with the numerical data and select the question^ ^ 
for it (synthesisX. we constantly verify the advisability of 
combining certain data through the main question of the 
problem (analysis) , 

Realizing that the breakdown of a problem is always an analytic-- 
synthetic process, Pchelko believes that, depending on the startling- 
points (the data or the unknown) , either analytic or synthetic features 
can come to the fore» 

Wheh a pupil beginp the breakdown with the question 
analytic features come to the foret..Wlien a pupil, having 
read^the problem and having singled^ out the question, 
begins the breakdown by combining the numerical data, 
constanfly checking against the problem's question, 
synthetic ^features are prevalent [2*3: 61-62], 

It should be noted that in the first and second editions of 
Methods , Pchelko included a number of critical remarks^ on the' analytic 
method; ^ 



'The synthetic method* of breakdown corresponds more 
closely to the natural' mode of thought in pupils who always 
begin with the data in solving problems • The analytic 
method is more nbstrnct , more verbose, and more artificial... 
The analysis of complex problems is difficult for elementary 
school pupils in its detailed aspect [24: 90; 25: 84]. . i 

In the third and fourth editions [26, 27] these remarks are removed, and 
the positive aspects of the analytic method are emphasized largely. "The 
analytic method in its conventional interpretation (the method of ' 
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analysis — Z, K.) isL always useful developing abstract thought and 
speech in pupils [23: 62)'' — this is >ow Pchelkx) answers teachexTs' 
questions about the value of the method. , ' , 

In the 1953 edition [27] he moves away from his positive opinion 
of the method of analysis and to a ^s till greater extent emphasizes the 
significance of the analytic-synthetic method of problem-breakdown.' 

Skatkin's polemic article [36] is somewhat related to the state- 
ments introduced above. The author, referring to statements by Egorov, 
Bellyustin, and others, emphasizes that the methods of analysis and 
synthesis "are a model of a logic^ly rigorous exposition of a problem^s-* 
solution, aad not a reflection of a metho^^^f finding a solution [36]." 
He does not deny the use of such a cohere^ exposition of a solution, but 
believes that it * . ' 

does have a direct relation^ip to the- question of the 
method^ pupils can use to solve a problem.- In order to show a 
student liow to solve a composite (complex) problem, one can 
introduce an example of the solution of a concrete problem , 
explaining how to disclose and dismember the content of the 
question of the problem and how to compare the data which ara 
necessary for answering the problem^s question with the data ^ 
already at hand, as well as how to compare the possible 
combination of tke numerical data with the requirement* 
expressed in the problem^s question [36; 17]. 

In order to teach pupils to solve arithmetic problems by themselves 
one must, according to'fkatkin, "teveal those , modes of thought which will 
most hopefully lead the pupils to find the ties between the unknown and 
the numerical data of the problem [36: 17]. 

The editorial staff of the journal, \^thout denying that problem 
solving is an analytic^synthetic process , nonetheless considej? that the 
denial of the methods of' analysis and synthesis as a means of preliminary 
breakdown of problems, which point the way to solve^them, "weakens our 
position in the fight for the correct solution of one of the main issues 
in the methodology of solving problems [36]." Unfortunately, other 
comments on vSkatkin's article did not follow. 

In 1949 a collection of articles entitled S olution of P robl ems 
in Eleffentar^ Schoo l appeared, under the editorship of Pchelko • In it a 
whold| series of authors dwelt on the question of analysis and synthesis 
in problem solving, and several points-of-view were expressed as a 
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solution to this question. Popova, in her article [32] asserts that 
''reasoning based on sjg^hesis is constructed without ties with the main 
question, without the necessary purposef ulness , and nonetheless gives 
way logically to re^oning based on analysis [32s ftl]." She is aware of 
the difficulty of the analytic method. Students frequently skip isolated 
intermediate logical links in the breakdown of problems by this method. 
In order to simplify the breakdown for students, Popova recommends 
composing a graphic scheme of analysis. 

She considers the second year of instruction the best time fof 
starting the method of analysis. In the third gifade one should introduce 
complete analysis along with partial analysis and in the fourth grade 
**quite frequent use of complete analysis, during which time it should 
y ^become habitual [32: 8]," is necessary (my italics — Z. K.). 

Noting that many teachers take a negative view of complete analysis 
on the grounds that it is inapplicable to difficult problems, and easier 
problems can be solved without a breakdown by the method of analysis » 
Popova says: " One should use complete analysis both for problems of 
medium difficulty and especially for easy problems , since such problems 
in and of themselves do little to develop thought in the pupils [32: 82 
(my italics — Z. K.)- ^or example, the following problem is given: 

An airplane flew 260 km in the first hour, 30 km more in 
the second. In th^ third hour it flew 250 km less than in the 
^ first two hours together. H^w many kilometers did the airplane 

fly altogether? 

For fourth-grade pupils this is not a difficult problem, and the way to 
solve it is clear. Popova believes that for the solution of this problem 
to be more useful in developing the thought of the students, one must give 
a full breakdown of it by the method of analysis, composfiig a graphic 
scheme, where quantities necessary for solution but unknown are mentioned, 
and the values of the known data ar^ inserted./ Popova introduces an 
analytic breakdown of the given problem and a saheme for it (Fig. 1). 





•Fig. 1 



The analytic breakdown of the problem 
and the schematic diagram are much 
■ more difficult to construct than the 
solution of the problem, but it is 
precisely in this that Popova sees 
thp value of the method of 
analysis [32] • ^ # 

A few model problems, according 
to the author, yield themselves 
entirely to complete analysis 
(problems ou motion in opposit* 
^ directions, the rule of three ^ 

etc.)» ''However, there are problems," 
Popova [32: 107] notes, 'Vhich at_ 
first glance will not yield to complete analysis'* (my ital^s — Z.K.)» 
and "analysis of a special type" is needed, Wliat is this analysis? 

In problems on proportional division the analysis of the question 
is prefaced by the ordinary breakdown of the problems by the method of 
analysis. It is explained that the question assumes two answers, and an 
ordinary analysis of the problem follows. 

In problems on finding the unknown by the difference of two quanti- 
ties, and on exclusion of one of the quantities by means of subtraction, 
the *'Why?" question must be asked a£t first (like Latyshev^s recommendation) 
This question helps to disclose the causal-consequential tias between the 
data and tke» unknown, and the way to solve the problem then becomes clear\ 
Then an ordmsy^l^bre of the problem by the method of analysis is 

given. ^ ^ ' ^ . 

In problems on finding terms by a sum and a difference, a short 
notation of the problem is made, giving the relationship of the parts, 
decomposing t]\e question of the problem, and, when the way to solve the 
problem is understood, an ordinary, "classical" analysis of it is made, 

Tlius, Popova acknowledges that 'the method of analysis in its 
"classical forra^can be used only when the course of solution of the 
problem is clear. It is inapplicable to difficult probleiEi^s [32: 107],"' 
"Anilysis of a special type" is directed at explaining the course of 
solution of a number of model problems, and when the course of solution 
has become clear, the problem is investigated, by the ordinary method of 
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analysis • The classical method of analysis is nsed as a special logical 
exercise that complicates the process of the problem's brealcdown and 
thereby increases the value of the .problem for developing logical thought. 

Bochkovskaya also uses the idea that the method of analysis can be ■ 
introduced only when the interrelationship between the unknown and the 
data is clear to the solver. She wriifes: 

The decomposition of a complex problem into simple ones 
during the problem* s breakdown, is an analytic- synthetic 
process. Whether anajLysis or synthesis ^11 dominate in 
this process is determined by the structure of the problem 
and by the extent to which the pupils have mastere4 the 
relationships between the quantities entering into the prbblem ^ 
[3: 74]. 

Until the pupils have mastered these relationships, the problem must be 
investigated by the method of synthesis. , . 

The use of analysis in solving problems giveiS the best ' \ 
results when the pupils become familiar with it through 
problems with few operations and a clear structure and 

' when they clearly uxtdeirstand the mutual ties between the ^ 

/^.unknown quantity an^ the numerical data [3: 65]* 

According to Bochkovskaya, both methods can be used at different periods 
for problems-with identical structures; synthesis when the pupils are 
learning hijw to solve problems of a given structure, and analysis when 
the way to solve these problems is already familiar to the pupils, 

Bochkovskaya allots less space to the method of analysis than does 
Popova. For developing logical thought, she recomends, along with the 
method of analysis', a number of different exercises — comparing problems 
with different structures, describing the solution of problems by a 

<{ 

formula, and thinking up problems as examples, 

Novoselov [20] comes out against the monopoly of the analytic and 
synthetic methods. " ' 

The breakdown of the process of problem solving shows that 
it is not a strict logical process, as the methodologlsts 
depict 'it when speaking of the analytic and synthetic methods 
of solving problems. This breakdown shows the great signifi- 
cance of memory and of knowledge of simple>^roblems ; more 
precisely, acquaintance with a given asnect of the relation- . 
' ship of quantities. It shows that bottf^the question and 

other problems resemble missing data [20: 197] (italics mine — 
Z. K.) . 
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According to Novoselov there is no^ "general** method for solving 
different problems. Problems vary in th^ir conditions and difficulty and 
demand the use of different methods * The breakdovm of problems by the 
method of analysis "proceeds smoothly only with a person who already knows 
how to solve the problem, [20 : 196]" (here he agrees with Popova and 
Bochkovskaya) , New problems should be presented by different metViods, 
to reveal the concrete situation described in the problem (an explanation 
of words and expressions, a visual dem|)nstration, a graphic scheme, a 
sketch, etc.). The presentation, according to Novoselov, should be short 
and should give only the necessary support for Independent solution of 
the problem. 

Shores and Bogolyubov's works read ^t t^ .Pedagogical Lectures are 
of considerable interest. The work of Shor, relied upon by instructors 
in pedagogical schools, gives no evaluation of the' methods of analysis and 
synthesis. Analysis in its traditional form is Included as ^ne of the 
factors of the work on a problem's text, while, it precedes the more 
serious work on it (a short notation of the problem, a graf!?hic break-- 
down of it, etp*)» At the same time, Shor proposes other quite rational 
means of working on problems (simplifying the text of a problem, solving 
t by different methods, generalizing model jSroblems, etc.). 

Bogolyubov, in summari^iLng many years &d!!S<ork In schools and pedagog- 
ical institutes, describes both the analytic and synthetic methods of 
solVing probleiiis in some detail. He evaluates both methods negatively, ' 
sinc^, in his opinion, they both operate in isolation, thus interfering 
with ttje natural trliin of thought, where these processes are inseparably 
connected, 'Hie method of analysis is especially complex in this regard, 
since it, assumes operations first with a series of unknown data, whereas 
in using the method of synthesis, the pupils are relying on known data, 
Bogolyubov 'disapproves of analytic schemes, which. In his opinion, compli- 
cate rather\th^n simplify the breakdown of problems and, since they are 
so artificialv, €an hardly serve to develop logical thought. The author 

contrasts th^se laethods with the analytics-synthetic method of problem- 

\ 

bifeakdown, wherl^ the processes of analysis and synthesis interact; 

Nummary - Soviet Literature 

i . Tbu*, in resolving the u^uestion of analysis and synthesis, Soviet 
methodolagis ts acknowledge • quite properly the analytic-synthetic nature 
of thought ii;i problem solving-* At the same time, Pchelko and other 
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methodologistB indicate thaf, depending on the starting-points for the 

, solution (from the unknown or, from the data) , either analysis (breakdown 

» 

by the method of analysis) or Synthesis (breakdown by the method of 
synthesis) comes foremost, and accordingly they select the comparative 
value of one method or the other. There is still no unanimity in evaluat- 
ing these methods ^ especially analysis* Most methodc^logists Mention the * 
value of the method of analysis. It develops logical thought, is 
distinguished by its rigor, sequent ialness , movement toward a goal 
(Berezanskaya [2] and others), it leads in inventive, investigative 
directions (Kavun and Popova [ll], it is better than the synthetic, it 

'prepares one for practical life (Pchelko [22, 23, 24, 25, 26, 27], 
Polyak [28, 29, 30, 31] and so forth. 

At the same time, shortcomings of this method are noted in the 
methddo logical literature. It is dlff icult , 'appears to be too abstract, 
wearisome, artificial (Kavun and Popova ^[11] and Pchelko [24. 25] up 
to 1947), incomprehensible to the pupils, and hence the long jfip^in of 
conclusions is necess^y [41]; the construction of this chain ninders 

• the students in thinking independently (Polyak [28, 31] in articles 
before 1941), and so on. 

Just as there is disagreement about the difficulty of this method, 
there is debate about when to introduce it into schoolwork.. Polyak [29] 

l^lieves that it can be /introduce4-ift first!^^ade, and that plater this 
methbd should become the leading one. Popova [32] believes that 
familiarization with this inethod should* begin in second grade so that , 
complete analysis of problems can become habitual by f ourth-^rade . 
Sniglrev and Chekmarev [38] indicate that the method of analysis, without 
a preliminary breakdown of the problem by the synthetic method, can be ' 
used only in the fourth grade. Berezanskaya [2] considers it difficult 
even for fifth-graders. 

The question about when and for wliat type of problems analysis 
should be used in its ^^classical form'* is also solved in various ways. 
Pchelko, Polyak, Chichlgin, and others, recommend this method for 
preliminary breakdown of problems, aa a method of searching for the 
solution. Accordirtg to Chichigin [6], it guarantees the proper course 
for solving' a confplex problem. Pchelko [23] believes that this method 
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should be used with uncotnplicated problems (with 3 or 4 questions), 
unreduced, non-algebraic ones,^ Popova [32] believes that it is 
impossible to investigate difficult problems by the method of analysis. 
Because it m^kes the process of breaking down the easier problems more 
complex, the method of analysis increases the value of these problems 
for developing logical thought. According to Popova, a number of model 
problems demand ''analysis of a special type^': the causal-^ousequentiaj. 
ties are revealed through questions (of the "Why?'' type), the relation- 
ships of the data to one another and to the unknown are disclosed, and 
then, when the way to soWe the problem has become clear, thanks to 
this breakdown, the problem yields to the ordinary "classical" analysis. 

Skatkin [36] in general -disclaims the method of analysis as a 
metiiod of preliminary breakdown of problems; it could be a useful logical 
exe^^cise after solving the problem* Novoselov [20] likewise believes 
that one can give a complete breakdown of a probliem by the method of 
analysis only if hfe knows its solution and not if he is seeking it;. In 
searching for a solution, one does not think in the logical sequence that 
tjie methods of analysis and synthesis assume* Different aspects of 
problems require widely varied means of breakdown, wVich are determined 
primarily by the conditions of the specific problem* 
^ These, then, are the basic differences i^ evaluating thfi method of 
analysis in teaching problem^ solving. How can v& explain the existence 
of these disagreements? First, there is no scientific, experimental 
verification of the psychological and ediica^onal val^e of the methods 
of analysis and synthesis. Most methodologists ^^sert that the method 
of analysis is'' useful: It develops logical thought* What is -the basis 
for this assertion? It is actually made by pure' logic: Since the break- 
down of problems by the method of analysis^ is a logically j^igorous chain 
of deductions, any exercise in constructing such a cliain should acH^^o 
develop logical thinkine in students. Is this conclusion correct? To 
what extent does constructing such a chain of deductions help one to 
reveal the meaning of ^ a" specif ic problem or to find a why to solve it? 
Is a full breakdown by the mett^od of analysis of an unfamiliar problem 
possible,? Is exefcise in analytic breakdown useful for problems that 

— — , - • ; 

By algebraic problems Pchelko means problems with artificial means 
of solution (equation, substitution, etc.). ' I 
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that have already been solved? And, if to what extent? . How does 
if influence the ability to solve problems independently? These and a 
* number of similar questions can be answered only by special investigations. 
Investigations of this kind have been made by the author of this 
work over several years. The materials obtained provide a basis for 
drawing conclusions to these questions. A description of these investi- 
gations and their results will be given in the next section. 
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, Chapter III 
EXPERIMENTAL INVESTIGATIONS OF THE USE OF THE 
METHOD OF ANALYSIS' IN SCHOOL 

4 

" 1 • The Need for Specific Instruction in Analysis 

Most methodologlsts have no doubt about the pos^blllty of a 
"classical" analysis of a non-model problem with 2-4 questions. The- 
great bulk of these problems are solved it^ the second and third grades. 
Therefore, we planned to carry out the investigations in these grades. 

We also planned to observe, as the first step in the^nvestigation, 
how pupils-grasp the method of analysis in'the most typical conditions 
in the mass schools. Ordinarily, the schools acquaint the pupils .with 
the method of analysis, and, more or less frequently, they turn to ^ 
the breakdown of problems by* this me^thod, buf without working 
systematically with the pupils on mastering it. 

^)lo observe how the analytic method in br.?akdown of\roblems was 
mastered under these conditions, we conducted individual etoeriments 
in teacher V/s class, grade 36 in the 47th School for Girls. The 
pupils had become familiar with the method of analysis in second grade, 
..and the breakdown of problems by this method was practiced from time 
to time without any system. When the teacher corrected the mistakes the 
pupils made in breaking down problems, she did not Work systematically t 
eliminate the errors and did not exact precision in the formulations 
of the breakdowns. 

The absence of sequential work^ on the analytic method of breaking 
down problems was naturally reflected in the level of the pupils' mastery 
of this meth&l. As our experiments showed, only the very best pupil3> in 
the clas^ began isolating the unknown and indicated the data that 'could 
help to find the unknown. For example, Problem No. 14''" indicates that 
the number of overcoats which were made is to be determined, and 
that one know how many meters went into one'overcoat and how many,! 

all the overcoats. Moreover, if the method of analysis is followed, 



■^See p. 13. 
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one should indicate which data are necessary for determining the number 
of meters used for overcoats and that oae needs to know this in oCrder to 
determine how mauy^eters went into one overcoat. However, these pupils, 
actually interrupting the analytic breakdown, pimply indicated what must 
be determined in the first question of the problem, in the second, etc. 
That* is, they passed to the synthetic method, which was more habitual 
with them. 

The greater portion of the pupils in this class did not even attempt 
to give an analysis of the unknown. Average and even good pupils simply 
indicated the unknown and passed on to composing a 'plan of solution. Here 
is the record of the ^'ginalysis" of the above problem by Valya Z.: 

We must find out how man^ overcoats were made,>^nd 
* therefore )we must know how many meters there ^ere ^ 
altogether in the shop and how many meters were used for 
the ^uits, and we have to know how maily meters of ' material 
were left for the overcoats.. 

As we can see, only the indication of the unknown remained h^e 

f ^ 

from the method of analysis, and there follows a listing' of those questions 
whose solution leads to findit:^ the unknown. This is al^o analysis, 
of course, but i*t does not answer the demands of the analytic method, the 
mastery of wJiich we were verif yi^g^^ in the experiment. * ^ , 

Weak students, when asked to give a complete analysis of the problem 
(they had been acquainted with these terms), repeated the question and 
Numerated all the known data in the tg;^t. lliis is how Lena M. *'analy25ed*' 
the same problem: 

*Ve must find out how many overcoats were made,**, she said. 
**For this we must know how many pieces of material there were, 
how many suits were 9iade,.and how much material went into one 
* suit and -into one ' overcoat . '* She overlooked one of the known 
data here and simply enumerated in ^he /orm of questions those 
data which were given in the conditions. 

Thus we see that pupils In a class -where special systematic work ^ 
on the method of analysis is not done do not master the method. Only 
external elements, and few of them, are taken from the new method — 
isolated formulations in speech ("We must find out,'* '^lliis wi ^annot 
determine iimnediately'*) . Not even the best stiidents in the cl^ass could 
give a- full* breakdown of this little problem by the method of analysis. 



2 • Mastyy o£ An Analysis Method - School No , 64 , 

As long as we were intending to observe the mastery of the method, of 
analysis by pupils in elementary school and to determinj^- the influence of 
this method on the problem-solving ability of the pupils, we had to turn 
to classes where systematic work was doije for ^stering it, where the 
method was considered extremely valuable. Followiilg^he instructions of 
experts, we turned to S^zhool No. 64, where the school administration 
* insisted that the jeachers use the analytic method in breaking down 
problems, regarding it as ^Particularly influential in developing the 
pupils* ^mathematical thought.. Tlierefore mo^t instructors at the school'^ 
taught the pupils to' break down pxol^lems by analysis. According to the 
administration, this work wks particularly productive in teacher G.'s 
class, apd so ^we chose it for the experiments. C. acquainted ■ the pupilte 
with this method in first grade and began to teach it to her students 
regularly especially in second, grade . In the third and fourth grades, 
when we conducted our investigations, analyzing a problem was a habit 
for them. ^ 

How did tlie students in thiss class master this method of analysis? 
' As the experiments showed, • the following rather distinctive form of 
breakdown was quite typi^l. We lhall introduce the most typical record 
of the breakdown by th^^metUod of analysis of Problem No. 14 by the best 
pupil in the cj^ss, Sashk^, Isolating the question of thd problem, Sasha 
begins his ^*analysis^^ : 

1, ''We cannot answer the question of the problem 
immediately, since we don*t know how many meters of material 
remained .after the suits had been made. 

2, This we cannot find out because we don t know how many 
meters went into all the suits, 

3, Wc^ cannot fisnd out how many meters went into all the 
suits because we d^ tiot know how much material there was 

^ .altogether. But we can find this out J' ; 

We see that Sasha indicates only ono datum necessary for determin- 
ing the unkno\^ - the one whose value is determined in the preceding 
operation. For determining th^ latter, Sasha indicates a datum as 
necessary whose value he determined in the solution of the second question 
of the problem* In the first and second instances these assertiojis 
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correspond to reality. Both data needed to determine the , amount of 
material used for the s]^ts are contained in the problem. However, here 
also Sasha asserts ; 'Ve cannot find out Sow many meters, were used for 
'all the suit^ because do not know how much material was brought, in," 
i.e., he indicates a4 necessary that datum whose quantity Is dej^ermined 
by solving the preceding (here tha first) question of the problem. Other 
good and average students analyzed the problem the same way (weak, 
students did the analysis as an ordinary breakdown after the/irst 
question). Tlius, a very distinctive way of breaking dowry^s composed ' 
by good and average pupils in this class. At the start the *Win" 
unknown indicated in the analysis, whose value il determined by solving 
the last question of the problem (in the given case, the fourth). Then 
that datum is indicated as necessary whose value ^is determined by solving 
the next-to-last question (here the third), and then by solving the one 
preceding itf^here the second) and hence right up to the datum whose value 
is determined by solving the first question. . 

The assertion that It was impossible to determine the value of ^e 
necessary datum was made without referring to the text of the problem. 
The pupils repeated this assertion, but when both necessary data are 
present, determining the value of the intermediate datum was__§ntirely 
possible. ' * 

T\\e pupils simply remembered the course of solution, disposed of 
the simple problems solved in this way in the reverse order, and, combi- ^ 
ning them mechanically in this order, asserted, repeating the standard 
formulation, that dGtermining 'the unknown of one simple problem is im- 
possible without * determining the unknown in the preceding one, 

Wlien the experimenter indicated the real possi^bility of determining ^ 
the intermediate data, the pupiis either repeated their original assertion 
or, convinced that both required data were present, considered the analysis 
complete (i.e,, interrupted It at this intermediate link). 

The presence in the problem of both data necessary for determining 
the needed unknown was connected in the pupi.Ls^ minds with thp completion 
of the ^'analysisJ^ 

Under what educational conditions would it have been possible to 
explain why this quite distinctive form of "analysis,^' whose sole 
occurrence was noted with the pupils in the 47th and 19th Schools, P^^"~. 
dominated here? , 
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In her work the teacher G. often found **superf luous syntheses** 
being made l^y students, syntheses not required by the course of the 
pro'blem's* solution. In the analytic method ^of* breaking down problems, 
the necessity of synthesizing ^ecisely these determined data is based 
on logic. 

According to G.*s assumption^ the analytic method of breakdown, 
unlike the synth^ic; safeguards the students from these groundless 
'*superf luous syntheses,*^ Because she valued this aspect of the analytic 
method highly, G. emphasized over and over during the analytic br^eakdown 
the necessity of determining some particular data in order to determine 
the succeeding data. ^ ^ 

In second and third grades "chain" problems are frequently solved in 
which the datum obtained by solving the first question is immediately 
used again to solve the following one, and so on (work-books for the^e 
grades abound in such problems) . , 

Partial analysis is practiced most often in class — with an indi- 
cation of .only one unknown datum in the conditions (this form of analysis 
is recommended by the experts for the primary* grades) . In partial 
analysis of this type of problem, the datum obtained for tlie solution of 
a succeeding question cannot be determined without solu|ion of the 
preceding one. Superficially, partial analysis of such problems ^kes 
on the form of problem-breakdown ''from the end,*' the. reverse of the 
-habitual method, y 

Because superficial view of analysis of a definite- type of problem 
was repeated so. often, the pupils singled it out as an essential feature 
of an analytic breakdown. 

A graphic scheme of analysis was rarely used. Here, when the 
teacher broke down a problem by the method of analysis, she ordinarily 
drew that type of scheme on the board and did not ask the students to 
construct it. In oral breakdowti, the specific nature of the breakdown 
of problems by the method of analysis (with an indication of both data 
necessary for determining the unknown) escaped the pupils' attention. 
l1ie corrections intro^duced by the teacher did not attain their object 
either — there were not too many of the-m because, in the chain-problems, 
the pa^ial analysis coincided superficially with the breakdown '*from 
the er;id^^ and did not lead to a mistake* llierefore this distinctive form 
of ''analysis.*' was reinforced in the students in this grade, and a firm 
4 
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corresponding stereotype was worked out. 

In the fourth grade the teacher did more work on complete analysis 
and introduced graphic schemes more frequently, but the established ^'^ 
stereotype was' reconstructed only with difficulty, and when analyzing the 
problems by themselves, even strong pupils frequently reverted to the 
form of breakdown which had become habitual T 

3. Mastery of An Analysis Method - School No. 653 



;tery of An Analyis 



The method of analysis in second and third grades In the 653rd 

2 

School was learned under similar conditions'. The, teacher D,^. trying to 
teach pupils to make a well-founded review of the data for ^a' synthesis, 
turned to partial analysis • (without a graphic scheme), just as did th^ 

< teacher G. (in the 6Ath School). ^ . S 

If the values of both of the data^necessary for determining the 
intermediate unknown were contained in the text of the problem, teacher D 
explained: '^This can be determined, but it must be determined in order" 
— and an indication of the nexts^ link in the analysis followed. By this 
the teacher wanted to emphasize the necessity of a definite order , a 
certain sequence of aritlunetical operations, v^gp?ed to work out a definit 
rigorous, logically valid system of problfem breakdown. The teacher 
understood the role of' training in mastery of the new system, and from 
the very beginning of second grade, she did thi-s type of aiYk^ysis of 
problems day in and day out. { 

As a result, the students in this cl^ss worked ^out a very precise, 
and monotonous form of '^analysis" of problems. We shall introduce one 

^of the records of the analytic breakdown of Problem No. 14 by a good 
student in the class, Marusya K. 

Having read the text of the? problem and thought about how to solve 
it, Marusya began her '^analysis": 

r* 

''ibis problem is complex, and it is impossible to answer the 
question of the problem immediately, because we do not know 
how many meters of m&terial were le£t for the overcoats. 

\ 

'*We cannot know how many meters weref lef t for the overcoatn 
because we do not know how many meters were used for 20 suits* 
This we cannot determine either, Bince we do not know how- many 
meters there were in the 48 piece^^ of material • 



class was recommended for study by the workers at the Institute 
of Methods of Education of the Academy of Pedagogical. Scie.nces, since 
the method of analysis was widely used in this class. 
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"we can find how many meters there were in 48 pieces. We 
must multiply 25 x 48»*/* The repetition of tjie. course of the 
problem's solution followed. 

The experijnenter indicated that it is possible to determine the 
number of meters of material used for the suits, since it is known that 
3 meters went into one suit and 20 suits were made and he asked the 
pupil to. repeat the "analysis." 

Marusya again began the breakdown with tlie same sentences • Arriving 
at the number of meters used for all the suits, she said "This we can 
find out, but then it would not be in the right order, because we must 
first find out how many meters are in 48. pieces •" * 

We see that this breakdown is very similar to th'e one conducted by 
Sasha B. , from the 64th School. Here, too, analysis is understood as a 
breakdown of the problem "from the end," as an enumeration of the data 
necessary but not given in the text, in the reverse order compared with 
the usual one, and included in the appropriate standard speech ^orm. 

As our observations and individual -experiments have shown, this 
form of "analysis" was ver.y typical of the overwhelming majority of pupils 
in this grade* 

*Thus we see that under similar educational conditions the same form ^ 
of "analysis" of problems is worked out fay the students ♦ 

In spite of lengthy practice in the break(iown of problems by the 
method of analysis, the pupils in the classes of both teachers, G. and D., 
did not become proficient in these methods. They mastered mainly its 
, superficial side: breakdown of a problem "from the end," in reverse order 
from the habitual* *As we saw, a too abstract breakdown, without relying 
directly on known numerical data (students arrive at them only at the eiid 
in an analytic breakdown), a purely verbal breakdown oT problems by this 
method is extren^ly difficult for pupils, and they do not master the 
method, even after lengthy special training. 

U . Teacliing^ the Method of Analysis 
The difficulty of the method of analysis Is acknowledged by all 
experts. However, as was shown abo-\7e, many believe that instructors should 
search for ways of eliminating these difficulties, since, although the 
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method is difficult, learning it exerts a positive influence on the 
development of logloal thinking in the students,^ as well as on their 
ability to solve problems. ' * 

This assumption had to be verified. In order to avoid, as far as 
possible, any negative influence on the pupils * mastery of the- method 
of analysis due to poor teaching, the second grade of the 47th School 
"was chosen as a basis, since it was taught by a very experienced 
tea<:he.r. She was recommended by the Institute for,, Teacher Improvement- 
as an outstanding expert in the analytic method, which she was using-, 
widely in her work. An Honored Teacher of the Republic, a recipient 
of the Order of Lenin, a lively, (Creative worker with 25 years of 
j^experience in education, S, approached the experimentatioti topic with 
great interest. She wanted to elucidate the value of this method for 
the p.qychology of education, to which she had devoted so much attentlaa 
in her work. ' ' 

The investigation in S»^s class was carried o^t over two years. 
Observations of the aritlimetic lessons were made regularly in' the class 
throughout this period. In addition, a group of seven students was 
selected (3 good, 2 average, and 2 poor ones), with w)aom individual 
experiments were carried out at^ regular intervals, in ord^er^^t;>^ftollow 
their mastery of the analytic method. A series of group experiments 
was carried out in the class with the same g6al (experiment in analyzing 
problems) . r 

" At first we shall observe how the method of Analysis was int^joduted, 
and then we shall explain, on the basis of f4:he experimental ma-terial, 
how the good, average, and poor students mastered it, ^nd how the class 
as a whole mastered it, -f' » 

Mastery of the method of analysis demands tliat the pupils hava^some 
skill in operating with abstract concepts, S» had begun, to develop this 
skill in them in first grade .< She taught them to use a type of abstract 
concept, i.e., price, quantity, cost^ etc She taught them to define • 
the typt^ of simple problems, a task whfcli demands quite^'a high level of 
abstraction. At the beginning of the second year of study her pupils 
could easily ^Identify al^ eleven types of simple prol^lems, and were able 
to think up their own problem of any type, select a problem as an example, 
and^.write doi^ as an example (formula) the solution of a non-complex 
problem; t/ey could easily think up possible questions for given data* 
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Thus,, when the^ analytic method was introduced, the pupils in this class 
had already developed the ability, quite well for their age, of operating 
with abstract concepts. The class was distinguished by its won4efful 
discipline and its high capacity for work. 

It was decided *to introduce the new method to* them at the end of the 
first quarter of the academic year.. In. preparing for this, the teacher 
faced considerable difficulties. She had to show the pupils the specific 
character of this me thod Cthe b reakdown, starting from the unknown), 
contrast it to and differentiate it from the synthetic method of break- 
down already familiar to the pupils. But how should this be done? 

It would be impossibly complex *to give an analytit: breakdown of a* 
more complicated problem whose solution would liav6 hampered the pupils ♦ 
The method of analysis had to be shown in the breakdown of an easier 
problem. Biit the pupils could solve such a problem easily in their 
he^^ , and they they wolild not understand why such complicated reasoning 
was required of them wheri- the problem was actually already solved. 

P. Clagolev very siiccessfully depicted the course of such a lesson 
in his artic^-e, ''In the Wo^ld of Niters'': ^ 

In class 'a', the teacher gave the following problem: 
^From one potato-bed 11 baskets of potatoes were dug up, 
^ and 3 fewer baskets from another. How many baskets of 
potatoes were dug up in all?^ THe imaginative boys and 
girls guessed immediately 11 and 8 is Tliey put up 

their hands^o )answer . But the teacher said: *'Put down 
your hands! Let^s review the problem. Tell me, children, 
can we find out immediately how many balskets of potatoes 
were dug up?^^ And the children, although in actuality 
they had solved the problem innnediately , said, simulating 
the teacher's tone: 

t. 

''No, we cannot find out immediately.'' (They knei; how 
to answer in such instances. They were trained regularly 
and systematically in the notion that they could not 
solve any problem immediately.) 

"Why then, children, can we not find out immediately 
how many baske'ts of potatoes were dug up?" the teacher 
continued, pedantically following the analytic method. ^ 

Then many chikdren were nonplussed. , Even though they 
had .already solved t}ie problem, how were they to answer ^ 
as though they had in fact not done so, and think up a ^ 
reason why they had not? • Only the most alert children,- 
who undcrRtood the method of study they wore using 
intuitively, guc|ssed how to answer correctly. 

"We cannot answer immediately because we do not know../' ^ 

etc . 
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The difficulty so well illustrated here, an exception to the 
"classical"^ analysis of the method of breakdovm learned earlier, was 
very succeBsfully overcome by S. at the first lessons when the pupils 
were becoming acquainted with the new method. She asked^the children 
to solve a '^gtiess-problem" : 

J^girl bought a pen and a pencil. How much money 
did she spend? 

The pupil called on by the teacher lost her head. After a pause, she 
answered: ''How can you find out? It's impossible to solve I" 

This question followed naturally: *'Wliy is it .impossible to solve?" 
One of the pupils answered that you have to know how much money the 
gill had. The teacher suggested that they think up an amount by them- 
selves » One girl restated the problem: 

A girl had 50 kopeks. With this money she bought 
a pen and a pencil. How much money did the girl spen4? 

Having obtained such a problem, the girl was convinced that the data 
shk had thought up were^not appropriate to the question. "She had 50 
kopeks and spent it all. What's there to find out?** 

They were convinced that not an arbitrary, but a rigorously ^ 
defined datum was neces sary . ^ 

The teacher made the question of the problem more exact: How much 
money did the gljrl spend for the pen, and the pencil? 

This simplified the choice of the necessary data, and the girls 
easily determined th^t to answer this question one must know how much 
the pen and the pencil cost separately. After adding the necessary data, 
they^^lved the problem and then repeated In general form the data 
necessary for finding the unknown: **We must know the price of a pen and 
the price of a pencil,'* ' 

The teacher immediately contrasted this new form of breakdown with 
the familiar establishment of a question for t>he data: 

A boy boupjit a notebook tmd a book for 70 kopeks. Ti\e 
book cost SOjcopeks. Wliat cau be found out? 

/ 

"^TliG brr-nkdown of problems by the method of analy«tB in its complete 
form we shall call ''classical*^ analysis, to distinguish it from others. 
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The girls supplied the question (h^w much did the notebook cost?) and 

solved the problem. This question Was repeated in its general form as 

well: ^ \^ 

The cost of the entire purch^ase and the price of a 
book ^re known^ We ij^st find out the price of a notebook. 



The following problem, given to 1 the pupils, has one datum: girl 
bought 3 notebooks. How much money did she spend?*' In trying to solve 
the problem, the pupils were convince|3 that not one, but two data were 
required to determine the unknown. 

Then they continued \o solve a series of problems with one or both 

data missing.. The solution ot each problem was concluded by its break- 

i J 

down in a more general, abstract form (What must be found out? What 
must be known for this?). The solution of such ^^gues'fe-prt^blems*^ was of 
great interest to the pupils. It demanded a greater degree of-^ctive 
thought from them. .Noting that it was 'impossible to answer the question 
of the problem did not contradict the facts (as generally happens with 
the analytic breakdown of ea^sy problems — sfee above, undef* Glap,olev) . 

The puplls^actually could not answer the question of the problem without 

i 

the definite data. In $olving different variants of the problems, they 

i 

became convinced that definite rather than arbitrary data wer^ required, 

I 

ai\4 that there should b^ at least two for determining the unknown. It 
was also natural that ajt the star|: the necessary data were named in 
their general form and bnly then/were concrete values ascertained 
(thought up) for them. ' / ^ 

The **classical'* analysis^of problems was co'^itrasted With the 
ordinary breakdown, the starting points of which were the concrete data 
of the problem (corresponding to^ the method of synthesis). 

^ Furthermore, it was necessary to fortify the pupils' ability to 
decompose problems by tha methoij of **classicai^' analysis and to 
acquaint them witli that type of breakdown of complex problf^ms. 

"Classical*' analysis of complex problems presupposes the construe- , 
lion of a rather ' long r.ha in of deductions that connect the unknown 
with the data contained in the problem. The construction of such a 
chain of concluBions is doubtless difficult for pupils*, as we had 
previously been persuaded, especially in elementary school. In order 
to help the pupils maintain the order in their Judgments and to give 
viq^ual support to them, many experts -(Pchelko [27], Fopova [32], and 
others) recommend constructing a graphic scheme/, of analysis when using 



the analytic method. Both the known and the unknown data are 'ititroduced 
visually in such a scheme, as" well asl« their Interrelationships, Accord- 
ing to a number of experts, 'this type of graphic scheme can serve as a 
visual support in the construction of a long chain of deductions and 
can i)revent missing links in the analysis. 

That is why we decided to introduce this scheme as a support in our 
experimental studies, trying to convince the student^ to use it In their ^ 
analytic breakdowns as well. (Use of the scheme byJthe teacher^alone , 
as tjie experiment with the teacher G, showed, was less effective J * 

The teacher S., guided by her previous 'exper^r\ce, only slightly 
changed the schema gi^jn in the methodological har^dbooks . She introduced, 
superficial differencea in representing the .known and the uiiknown data. 
For the unknown data she sketched small squanes C^iuts," as the children 
called them) , and the data whose values were known from the problem she 
wrote down outside the squares » Such a superficial change was to promote 
the differentiation of these data to a still greater extent • 

V^t first the children became acquainted with the construction of 
thi^ type of scheme^ for simple problems, but^ their attention was turned 
primarily to the correctness of reasoning in the analytic breakdown of r 
problems; the scheme served as a superficial aid for such reasoning. 

For thr^ weeks the teacher practiced '^classical" analysis of 
simple problems with the pupils and made efforts-*feo tha^i the large ^ 
majority of the pupils would master it. They could make a correct 
analysis of ^ problem (corresponding to the demands of 'the method) and 
constp^fct: a graphic scheme for it. A somewhat unusual ^method of break- 
down, demanding reverse reasoning, awakened their interest. The teacher 
always emphasized the importance of such a breakdown. 

Finally, the- teacher acquainted them with the breakdown of complex 
problems by the method of analysis. 



^Examples of the schemes will he given below. 
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Then the teacher said: 



A pen costs 3 kopeks. How 
much did Natasha pay for all 
the pens? ^ 

The pupils ascer^ined that to answer "* 

the question one must know the price of- 

one pen and the number of pens that 

were bought, than they added the missing 

data (7 pens) and, repeating the 

reasoning, composed the scheme of the 

ana;Lysis (Fig. 2) . ' ■ • 

bought erasers. How much money .did 



A 

she pay for them?'* The childi^en again selected the necessary data (2 
erasers at 4 kopeks eacHO and dre*i the scheme (Fig, 3) on the basis of 
the appropriate reasoning, 

Afeter repeating the problems about 
Natasha and Lyalya, the teacher proposed 
composing one problem from both of 

them, thinking up one more question. Fig. 3 

''How much money did both girls spend?" asked ot^e of the pupils* 
It was explained that this question needed those data which entered intd 
^ the other two problems as unknowns ^nd which were already represented 
. in the scheme as ''huts'* with question jna'rks in them, then both "huts*' in 
the schema were combined into a new "hut," drawn for the unknown of the ^ ^ 
complex problem; then they introduced the appropriate operation sign. 

Thus a graphic scheme of the analysis of a complex problem was 
obtained (Fig^ 4). Using the sche^je, the pupils repeated the entire 

A; ^ 

reasoning demanded by the method of analysis. Having thus solved the 

"problem, they put the data in the "huts," 

repeated the full analytic breakdown 
both . ^ . ^ . 

together of the problem, and verified their 

scheme. 

Thus, introduced the analysis 
Lyalya ^£ complex problem^., very naturally by 

showing that the unknowns of the simple 
problems making up the complex one serve 
as n ecessary data for determining the 
F'ig , 4 unknown of this complex problem. 



Na tasha 
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Under the teacher's supervision, the conclusion was drawn that the - 
dumber of "huts" introduced for the unknown data corresponds to the 
number of questions in the solution of the problem. 

In order to clarify the influence of the analytic method on the 
pupils' ability to solve problems, the pupils should liave mastered this 
method. Tha^ is why S. continued systematic work on it. Of course, 
as an experienced teacher, she us^d other, varied means of working on 
proi)lems, using visual aids widely, and so on. In conformity with 
the goal, however, she ga>^e much attention to the metliod of analysis 
in its classical form ftir'o;^ghout the second and third years of study. 
As the experiments introduced* earlier showed, the pupils cannot master 
this method, and thus we cannot verify its influence on them.^ 

Tlie problems that most frequently undergo breakdown by the analytic 
method are those which are solved either at home or in class, or problems 
whose structure Is familiar to the students; sometimes "classical*' 
■analysis is carried out with the teacher's help, when problems are 
encountered that are new for the pupils, problems with i or 4 arithme- 
tical operations are analyzed in the third grade by the analytic method. 
A graphic scheme ie ordinarily constructed in the breakdoyn of m^re 
complex problems; easier problems are analyzed orally by the students, 
without a scheme; while the teacher follows attentively, insuring the 
completeness and correctness of the breakdown.^ 

• It must always be emphaaiized to the pupils "that one must "think a 
lot" in the breakdown of problems by the analytic method, and that the 
-breakdown of problems by this method Is valued more highly, being most 
frequently recommended for analyzing problems independently and for 
cofnpoHit58 appropriate graphic schemes fdr them (as check) . All of 
this increases the pupils' Interest in the jiew method, and evokes their 
des>rc to master- it. • ' 

The analytic breakdown of problems whose structure is familiar rings 
alV the more true at lessons where al the slightest difficulty the 
teicher and pupils always come to the aid of the problem solver, showing 
him\what direction to take in the breakdown. The class, with the teacher 
skillful "aflti^stematic guidance, gradually master the new and, foi; them, 
quite complex method of breakdown. _ y 
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5. Experiments with Individual Stutitents ^ 

Let us turn to the material of the ex^rlments with individuals 
and observe the way in which both good and poor students learn this - 
difficult new. method of breakdown. 

The individual experiments were conducted in thfe following manner. 
After the arithmetic lesson *two problems were given to the pupils individ- 
ually — one problem with the same structure as was analysed that day in 
class, and the other similar, to ones analyzed in previous classes. Thus, 
the basic mass of experimental problems did not present any difficulty. 
These were problems whose structure was familiar. After the puj^ls had 
become acquainted with .the text of the problem (if rlecessary, essential 
clarifications of its content were given),' they were told to decompose 
it by the method of analysis, for solution. Then they were asked tc>\ 
solve the problem and to analyze it again. At the experimenter s reiiuest, 
the pupils accompanied "the analytic breakdown of the problem^th the 
construction of a graphic scheme . The scheme was meant, first, to mak^ 
the analytic breakdown easier for the pupils, and second, to gi^.,the eH^ 
perimenter visual evidence cff the children's notions of the connections ^ 
between the data. If constructing the scheme became difficult, the 
problem was analyzed without it. Assistance iras given only in case of 
difficulty. Six of these experiments were carried out, with two problems 
in each one. 

Before proceeding to the analysis of the results, we shall look into 

' the task facing "bur pupils ^in, mastering the method of analysis. Along 

with reinforcing tfhe sjistems^ hf^ problem breakdown which they , had learne d 

earlier (the method of synthesis), the pupils also had to master th^new 
— " — — 

system of_ brealc^own (correspondlnR to the method of analysis), which was 
often in contrast to the one they already knew,- ^ 

The starting point for' both the method of synthesis and the method 
"of arClysis is the text of the problem -- the data an'd the unknown. In 
breakdown by t>e^thod of synthesis the" pupils choose several data, ask 
a question j^out them,, and then, having chosen the appropriate aritlimeti- 
cal operation, they calculate and obtain the value of- a new datum. They 



^Again T emphasize -that here we are s^^aking not of the 'processes of 
analysis ancNayftthcsis , without which no problem can be solved, but of 
mastery of the method of analysis and synthesis as particular systems of 
problem-breakdown . 
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operate with concrete data, known quantities, andr go from them to the 
unknown, and reasoning alternates with computation. Only in the^^in^ /. 
.step -do they arrive at the unknown. After some practice with such a 
system of breakdown, a definite system of temporary connections and a 
definite dynamic stereotype is formed, ani the process of breakdown becomes 
much easier. . 

Vlie initial link in breaking down a problem by the method of analysis 
is the' unknown, for which data are selected whose v^ues are not given 
in the problem, and hence can be^oljied at only as abstract concepts 
(path, speed, etc.)- 

' The reasoning is construgted by a definite scheme, ♦and it is very 
detailed; all its steps are interconnected. Only at th^r end oi the 
reasoning does one arrive at the data contained in the conditions and 
the corresponding arithmetical Spera^tions. 

^ Mastery of,, this method-^of breakdown, which is new for the pupils, 
assumes formation of a new system of connections and of a new dyjiamic 
stereotype; although this new system has links in cammon with the 'o'ld 
one (in the breakdown of specific problems, the^data in the problem and 
the unknown and their .interrelationships are common to both),\hey will 
be differentiated by the order in which the data are combined and^by 
the scheme of reasoning. The constructioft of a graphic scheme of 
analysis was connec'ted with the breakdown of problems by tli€ method of 
analysis with pupils in this class. 

Thi^ new system bf Lies, corresponding to the classical method of ' 
analysis, is formed by strengthening the already complicated system 
of connections, having several links* in> commpn with>!»lt (as was shown / 
above), and th^ latter exerts a certain influence on the process of 
developing the new system of connections. Certain efforts are required 
fqr the new system of connections, with the mastery of the method of 
analysis as a basis, to be formulated and differentiated from the 
previously formulated system Which was based on the breakdown of problems 
by the method of synthesis.- 

As the investigation showed, although this process has a common line 
of development in both analysis and .synthesis , the mastery of the method 
of analysis by poor and good pupils does have some peculiarities. First , 
we shall observe how poor and good stude^its master the " new method, "^and 
then, on the basis of all the resulting experimental materiali, we shall 
trace a general course in the mastery of this method and irt the formati 

^ "ps^. ... 




of the systeni of connections underlying 

The Record^s C5f Weak S tudents 

The poorest pupil in the class (of th^ teacher S.) where the experi-- 

merits were conducted, "^lla F*. , was a'c^lm, studious, slightly sluggish, 

( 

and passive girl. - Under the guidance of her teacher, she did a grea^ 
amount of extra ■ work and nuinaged with difficulty to get passing marks in 
the basic ^subjects. Arithmetic probleans gave her particular 'difficulty^ 
She went readily to the experimenter for "supplementary studyV*^ 

The first series of experiments was conducted duriixg the^ first week 
af^er introducing the method of atialysis. Mila was given this problem: 

• A girl bought 3 candies at 4 kopeks each and 2 cakes 
at 10 kopeks each. How much did she spend? • - 

Wlien the experimenter asked if she could decompose the prc\blem again 
as they had d'ope that day in class, Mila answered affimatively and 
silently began to draw a diagratn (Fig. 5). 

^^iMlput a minuj5 sign here, ^ 
multiply here, and^^divide here,'' . 
she explained. 

■ She constructed this scheme 
for* the problem^ s breakdown. 
It' corresponds exactly to the 
one drawn ciuring the lesson, 
except that the last operation 
sign was changed (obviously 
forgotten) . 

Having constructed the scheme, 
Mila turned to the problem. "We 
do not know," she said, "how much ^ 
.^money tiie girl, spent. For this y 
(for the, answer to the question of Fig. 5 

the problem) we must multiply • 

3 X 4 = 12, and thenUO X 2 = 20. Here we must also multiply.'.^ and 
she corrected tlie operrFtion sign,* then completed the problem, ^ 
and, correcting tlie minus to a plus to correspond to the last 
operation, put the data into the scheme. Since the problem^ 
given her was identic^il in structure to the one^ done in class, 
all the data wei;:e ea.sily placed In the previous scheme which 
she ^ recall ed , and she wa.% completely^ satisf led with her ^ . 
"analysis." . , 
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The second problem given toT^r \iad a slightly different structure. 
Tlie breakdown o'f such prol?leins had been conducted earlier in class ^ but 
not on the^'day of the experiment. The problem was: 

A girl bought 4 notebooks at* 20 kopeks e^ch and gave 3 
rubles to the cashier. How much change did she receive? 

One datum-t-hat is needed to determine the unknown is not given here, and 
therefore the asymmetric scheme in Fig* 6 would have .to be^constructed in 
an^j^yzing the problem. 

Again ^.Mila began, not with the ^ 
breakdown of the problem, but with 
the scheme. 



She silently drew a scheme 
analogous to the preceding one, 
but simplified* (witliout the 
the operation signs or the 
lines for several data^ 
(Fig|, 7). The problem was 
.harder for her, and she 
concentrated on solving it. 
She did so with some help 
and then returned to the 
breakdown, "We ido not know,** 
she said, *'how much change 
the girl received. For this 
we find out how much she paid 
^ f or all the notebooks (she 
wrote down all the data) . Then 
we find out how much change she 
received.'^ She put the sign of 
operation b> the third "hut'^ and 
wrpte the answer in the first 
rectangle (Fig. 8). 

Thus, there was no reconstruction 
of the ordinary, synthetic analysis 
of the problem. The graphic sclu^e'of 
breakdown somehow . seDittm^TmrtnTy 
external, having no influence on the 
nature of the argumt^nt. 

When asked to correct the scheme, 
since it was not exact, Mila repeated 
her performance and refused to cliange 
anything • '"I can't do it,'' she kept 
repeating . 
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:Thus"\ 1?^ the initial period of Biastery of the method of analysis, 
rTiad Ijbarned that the breakdovm bc^glns by repeating the question 
[& is accompanied by the construction of a graphic scheme* 
She st^iLL-^id not isolate the relationship between each element in this 
scheme and the corresponding da^um of the problem* She reproduced the • 
.scheme before the breakdown of the problem, which had been dra™ in class 
(at first even with the signs of the operations).. The scheme was filled 
in after solving the problem* Only the first element of this scheme, 
the "main hut,'' was filled in with an unknown according to the new method. 
Furthermore, the problem was broken down and the different elements of 
the scheme were filled iji their ordinary order — from the first question 
to the last . The elements of the new breakdown were joined to the system 
that had been lea^'ned earlier, without any change in^he latter* 

After six weeks Mila began to show some reconstruction of her process 
of reasoning reflected in the graphic scheme of analysis she Constructed* 
For example, this is how she "analyzed'' Problem No.' 3: 

Mother spent 50 rubles^ while shopping. She bought 
a scarf for -20 rubles, and she bought 3 pairs of mittens 
with the remaining money. How iiHifh does 1 pair of 
mittens cost? 
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Mila solved the problem first, 
then, having repeated the question, 
drew a square and wrote the unknown 
which she had just found in it. 
(Fig. 9). She said, ''For this we 
have to know how many scarves she 
bought : Three scarves (whi^ch she 
writes down in the diagram) . And 
how much she spent for them. 30 
rubles" (Fig. 10). 

"T did it wronp/* she noted, 
replacing the clat.-^ (Fig. 11), ^'Noy^ 
we must know,'^ she continued, *'how 
much she paid for the scarf* 
50-20," 
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Fig. 11 



She turned again to t lie diagram . 
A pause ensued — there was no ^'hut^* 
1 n the diagram; both data were known. 
Mi la put one of the data in the 
square and drew a new line to the , 
other with a new r^quare, where .she 
^ wrote in the known datum (Fig. 12). 
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'*And where is the 20?" asked the 
experimenter* 

Mila gave up this diagram and 
made a new one (Fig* 13) • 
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30 



30 




Here we see a substantial change in 
the reasoning and the construction of Fig. 12 

the diagram: The diagram does. not come 
first here; the breakdown does, and the 
diagram is subordinate to the nature of 
the breakcfown and is reconstructed in 
conformity with it* ^ 

The breakdown itself is recon- 
structed slightly. Mil Or. Slant ions not 
only the unknown^^ but at the same time * gQ 
selects also those data on the basis Fig. 13 

of which the unknown can be determined. 

Thus the entire first link of an analytic breakdown has been mastered. 
Furthermore, this link is Joined automatically to the ordinary system of 

* breakdown which was mastered earlier. Mila repeated the first variant 

— . — /~ — . — . — , 

and the corresponding data (in their numerical form) and tried to join 
them to the diagram. 

How did subsequent mastery of the method of analysis proceed? Did 
Mila succeed in mastering its remaining links and finally in differentiat- 
ing it from the system of breakdown she had learned previously (the method- 
of synthesis)? As the experiments showed, this task proved to be beyond 
the capacity of poor pupils under this system of working on the new method ♦ 
Mila mastered the analysis of isolated simple problems that made up a 
complex one (combining the unknown with the appropriate data) , but was 
unable to select a basis for Joining these isolated links of ,the analysis 
into a single chain, and the links remained disconnected. 

For example, this is how she "analyzed,^' towards the end of the 
fourth quarter (of the second grade), Problem No. 9. 

Young apple trees and young pear trees were planted in 
a garden. The apple trees were planted in 10 rows of 5 
' trees each, and the pear trees were planted in 15 rows of 
3. trees each. Which type of tree were there morr of, and 
how many more? 
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Mila solved the problejn without difficulty and started an analytic 
breakdown at the teacher's suggest!^, 

"We must find out how many more trees were planted of 
which kind," she started correctly, isolating the unknown, 
^Ve must multiply 5 trees by 10, which would be 50. That's 
how many apple trees there aire. Tlien we must multiply 15 
by 3. This is the number of pear trees* Then we must , 
subtract 45 trees from 50 trees... and hence there are 5 
more appie trees.." 

As wc see, Mila simply ^H^cailcd the course of the problem's solution 
-Tli^n the experimenter suggested that she break down the problem and again 
,t:ry'at.the same time to construct a scheme for it. 

■ Mila repeated the problem's question 

and drew a "hut" for the unknown. She 
continued, "We need to multiply 5 trees 
by 10... to obtain 50.". She then wrote 
down these data in the diagram (Fig. 14), 



MiJa stopped in indecision. How should 
the diagram be continued? The "main hut" 
was cilready filled in, and the unknown was 
yet to be found • "We don^t have to write 
50 anywhere." She had found a way out 
and drew a new diagram (Fig. 15), 

"Now, I should find out," she continued, 
"how many pear trees were planted. We 
must multiply: 3 x 1 5 =^ 45 pear trees," 
and she wrote these data into the 
diagram (Fig . 16) . 

"Then T nl^t find out how many more 
apple trees were planted. For this I 
must subtract 45 trees from 50 trees = 
5 trees," and she entered the unknown 
in tiie top square. 

"And where do you have 50 and 45 in your 
diagram?" asked the^exper imenter , 

"Biit we calculated them," Mila 
answered. "5 X 10 = 50." 

The experimenter reminded ht^.r tliat there 
should be a place for every datum in the 
diagram. Then Mila repeated the course 
of the problem's soluLipn and drew a 
diagram for vac.h simple problem. 
(Kig. 17), Wlien the experimenter asked 
if it was possible to join these into a 
single diagram, she said it was not. 
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Without having Isolated the principle of combin^ng\Llfe separate 
links into a single chain, Mila gave up, as we saj*?{ and drew a diagram 
of siiijfjle problems that was completely comprehetlsible to her, disposing 
of them in the ordinary drder to correspond to the course of solution* 

At the end of the third grade, Mila F. remained at this level of 
mastery of the method of analysis • 

We see that the '^rivalry^^ between TTie old and the new systems In 

Mila ended up with a triumph over the old syst'fcm; only the slightly 

important links from the Old system were retained (the breakdown began 

with a repetition of the question of the problem, and the drawing of 

the "huts'' for the unknown data). The method of analysis for this 

weak pupil proved so complicated that by the end of the third grade 

she had not surpassed the level of analysis of individual simple 

problems composing a complex one, as described above, and she could 

not combine the separate links of the reasoning into a single chain. 

The principle of^ combining the links of analysis into a cliain was 
m 

inaccessible for another poor pupil in this class, Alia G. At the end 
of the experimental period (the last quarter of the third grade). Alia 
'"analyzed" Problem No. 14 in the following manner. The problem says: 

Eight pieces of material, e*ach 25 meters long, were 
^ brought Into a store. From all the material 20 suits and 
several overcoats were made. How many overcoats were 
made if 3 meters of material were used for a suit and 4 
meters for an overcoat? ^ 

Alia tried at first to give an analysis of the problem and then, 
having gone astray, gave it up and solved the problem* Afterwards she 
returned to the breakdown: 

'^We must find out how many overcoats they made. 
We must know how many meters of material were^used 
for one overcoat and how many meters were used for 
all the overcoats.*' She gave a precise analysis of 
the first link. "For one overcoat,*' she continued, 
"four meters of material were used, and how much 
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was used for all the overcoats is unknown • This cannot 

be found itmnediately . , •We must also know how much was 

used for the suits and how much oaterial there was in 

all, and how many pieces,*..** 

Although she gave a correct analysis of the first link, Alia was 
misled later, aggwe see; she cc^^^d not isolate the next link in the 
analysis anii^^ confused its elentents. 

**Th'Sre were 8 pieces,** she continued, *'No , how many meters 
were used fgr the suits? .That 's not knqyn*.. Three meters 
were used for one suit, and how many for all the suits is 
unknown^. . For this we must know how much material there 
was in ^1 . • . , " 



^ An attempt to rely on the graphic diagram, made at the experimenter's 
uggestion, did not bring success. Alia repeated the breakdown cited 
earlier and put together the elements of the diagram un^j^stematically . 

She had mastered somewhat more of the new method of breakdown than 
had Mila'Fi. Her-analysis of the unknown was much more detailed than 
was Hilars. But, since she was unable to isolate the principle of 
combining the isolated links of the analysis, she also slipped back into 
khe ordinary synthetic, breakdown. ; 

Tlius, the invest:igation showed that poor pupils were unable to master^^ 
the method of analysis , even over a long period^ (more than a year 'and a 
half), with the gj^ven method of stbdy, and hence were unable to work out 
and reinforce the carresponding system of ties,, or to work out the 
jl^^^^ary dynamic stereotype. However, the work on this method was not 
withoilt its effects Individual links of the new method of breakdown 
were isolated and were rewoven into the ordinary order, although withot^. 
actually reconstructing it. ' • ■ 

At first the new method of breakdown was connected with the presence 
of the diagram (i.e., with the visual element^;), although the diagram 
itsGfff was brought in from elsewhere, from other problems, as something 
previously give^n. Moreover, the specifically verbal beginning of the 
breakdown was mastered--f rom the unknown: ^*Lt Is asked in the problem. 
This we cannot f ind ^out immediately *For this we must know..,.'* At first, 
the naming of the unknown was directly combined with the indication of 
the first question of the probl^^m and the corresponding data. That is, 
the ordinary order .of solution was used as soon as the unknown wa^j indi- 
cated . 
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Later on, the weak pupils selected the specific character of the 
analysis of ""the unknown — they indicated (remembering the solution) 
precisely those data on whose basis the value of the unknown was determined. 
They had'learne4 the first link in the analysis; most often iihese data 
were indicated more concretely, in their numerical expression. The pupils 
could also- give a proper analysis of isolated intermediate links (isolated 
simple problems making up the complex one). However, they did not rise 
to the principle of combining these links. 

Obviously another ^method of study and more exercises are needed if 
the method of analysis is to be fully mastered by the weak students* 



The Records of Good Students 



Good pupils mastered the ^^classical" method of analysis differently. 
Let us observe how one^o^ the best pupils in the class, Lyusya G,, 
learned the method. Lyusya was a q[^uiet, attentive, and studious girl* 
She loved arithmetic, and ordinarily rece-ived excellent marks in it. 

At the start of the experiments Lyusya had already developed a 
verbal beginning for her analysis of problems. In solving Problem No. 
2, she started confidently: 

''The problem asks how much change the girl received... 
This we cannot finffiaijt immediately^ because we do not 
know how much ,,money^he paid for all the notebooks'^ — she 
indicated one of the data, and not the second (the amount 
of money given to the cashier). ^'We must /find out/* she < 
continued, how ^muc4i money the girl paid for all the note- 
books. For this we must multiply: 20 kopeks X 5 = 100 
kopeks, , 1 ruble. She repeated the solution of the first 
question and introduced all of these data into the 
diagram (Fig. 18) . 

Then she pop,ed a second question, recalled the 
solution and wrote it down correctly, as in the preceding,- 
diagram, in the proper ^'hut" for this link; the answer 
was again Introduced into the uppermost box (Fig. 19). 
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Thus, Lyusya combined the jJSrtiar analysis of the unknown (indi- 
cating only one of the two necessary data) with the ordinary breakdown 
of problems^ which dictates the order for combining the elements in the 
dia'gram.^^Btoii'^ is .particularly clear on t^^ second diagram Lyusya drew*) 

•The ^anffl|itic, breakdown is more complicated when problems demand 
reconsic^et^iertSMPof; some data such as renaming of the data or requiring 
ins ^from one system of associations to another. 
L^usjfa met thi§ difficulty in analyzing Problem No.- 3. j Solving it 
.gave her no trouble. 



Having isolated the unknown, She indicated: "in 
order to answer the question, we must know how much all 
the gloves cost,'* and she made a partial analyses of 
the first liijk and drew a new "hut." **We know that she 
had 50 rubles and that she spent 20 rubles. How many *^ 
rubles did she have left^?" She introduced both data and 
stopped In indecision'. She even "built a hut" in order to 
introduce "how much all the mittens cost," and, having 
s"u^tracted 20 rubles from 50, she found out "llow many 
rubles did Mother have left?" 

"How did you find what one pair of mittens costs?" 

(The experime^er came to her assistance.) , 

( • 1 

"She. bought 3 pairs of mittens," Xyusya answered, 
"and I want to know how much one pair of mittens costs." 

"Wtiat op€^atioiwlo we introduce? What data do you 
take?" (Again the experimenter helped.) 

We must dMde 30 by 3," Lyusya remembered, but ^ 
still could not continue the analytic breakdown. 

"What is the. '30'?" asked the experimenter. 

"Thirty rublt^s Mother had left... She bought gloves 
with them... 3 pairs of gloves." Lyusya has found the 
necessary link. "30 rubles is what all the- mittens c 
cost. We. must divide 30 by 3, that is* 10 rubles," and 
she introduced all of these data into the diagram. 

We Sf>e that Lyusya obtainl^d the nupierical datum, 30 rubles, when she 
realized how many rubles Mother luid U^ft, i.e., it was advanced as a 
remainder of money. A number of helpful questions were required before Lyusy 
could come to regard these 30 rubles as the cost of three^ pairs of, 
gloves. This rethinking was carried out as she refreshed Jicr memory 
about. the appropriate arithmetical operationB (50 - 30; '30 : 3 ^ 10). 
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Because Lyusya gave a correct partial analysis of the unknown at the 
first stage, one would expect that after more exercises she would master 
analysis of the first link rather quickly — indicating both data necessary 
for finding the unknown. According to the requireme!fli^of the method of 
analysis, in doing so she would make note of both necessary data in 
abstract rather than numerical form, on the basis qf a knowledge of the 
functional relationship betwen the quantities. She could give a correct 
analysis of s^imple problems included in a- complex one^ However, the 
principle of joining the separate links of the analysis into a single, 
logical chain was still unclear to her, and she joined*"tFi5 snCceeding 
links by the customary method (from the first question). 'For example, 
consider Problem No. 10: ^ 

There were 450 eggs in each of two boxes. A. dining , • 

hall used up these eggs In 5 days. 'How many, eggs did 

^ the dining hall use daily, if they used the same number 
' of eggs every day? ' 

She analyzed!^ the problem in this way: 

'**TUe problem asks how many eggs they used daily. 
In ordef to find this out, we must find how many eggs 
there are in two boxes and how 'many days they were 

alt 

) 

Thus she gave a correct analysis of the unknown^ Furthermore, instead 
of indicating the data known from the problem *s text and the unknown data, 
then selecting the corresponding data for the unknown, Lyusya enumerated 
all the data contained in the problem: 

"It is known that the^ were 450 eggs in each box, . ' 
that tliere vere two boxes^ and that the - eggs were used 
up in 5 days. We must find out how many egg^ there 
were in both boxes,*' and she passed to the ordinary 
course of breakdown* , ^ 

When asked to repeat the breakdown, accompanying it with a di^agram, 
Lyusya reproduced what she had said earlier and drew a diagram (Fig. 20), 
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This diagram, as we can see, cor'responds completely to the course of 
her reasoning: The composition of the individual simple problems that 
make up the complex one is given, and the dismemberment of them 
corresponds to' the ordinary course of solution (from the first question). 

In the future Lyuaya also isolated the principle of joining separate 
.links of the analysis (the data of one link whose value is not known 
appears as the unknown in the succeeding link, and, entering simul- 
taneously into both links, joins them to each other). At the end of 
the experimental period, Lyusya could do a correct analytic breakdown 
of a problem with four que^ions if the way to solve the problem was 
familiar to her. This is m)w she did the breakdown of Problem No • 14 
by the method of analysis: She immediately made an analysis of the fl^rst 
link (the iJhknown) • Then she interrupted the breakdown, solved the 
problem, and th^n correctly completed its breakdown by the method of 
analysis. 

Thus, when good pupils contrast a new'system of breakdown with one 
composed earlier, the new systerr^ tr iupiphs . 

At first, as ^th the poor pupiLs,^he more visual elements of the 
new system are mastered (the standard phrases "We must find out,'^ ''This 
we cannot find out immediately," etc., and the presence of a diagram), 
then the analysis of the first link (the unknown) while it is 
mechanically combined with succeeding links^in the ordinary order of 
breakdown (from the first question). Finally, the principle of joining 
the Unks in the analysis is singled out, and the entire breakdown is 
accordingly reconstructed. Tlie new system of breakdown is finally 
differentiated from the one previously lea'rned, and the pupil can give 
a complete analytic breakdown of a problem in four arithmetical operations. 

Other good * students mastered the method of analysis analogously, 
with greater or lesser difficulties. 

As the experiments showed, there is some difference In the way that 
poor and good pupils learn tht^ method of analysis. Still, we can note 
common features in the mastery of the method which is new and. quite 
difficult for the student. 

At first only a few superficial factors are Isolated In the new 
method — individual standard phrased, the beginning of the breakdown by 
repeating the prohlem^s question, t^e construction of a diagram with the 
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breakdown-- grasped quite superficially, without the basic connections 
between its elements. These elements of the new breakdown are mechanic- 
cany combined with the ordinary synthetic breakdown, without re-structur- 
ing it. 

Next the pupils master the analysis of the unknown (i.e., the first 
link bf the breakdown).. At first they simply reca:|.l the last arithmetic- 
cal operation by which the value of the unknown was found, atid indicate 
it as necessary data corresponding to the numerical quantities. Later 
they begin to find the data necessar^^or detetTnining the unknown, as 
the method of analysis proposes, without reproducing the appropriate 
arithmetical operations, on the basis of a knowledge of the functional 
relationships between the data* Tlien this first link of the analysis 
is mechanically joined with the ordinary method of breakdown (first the 
first question is indicated, then the data necessary for solving the 
problem, and so on). 

The principle oJ_ joining the separate links of the analysis (the 
unknown and the appropriate data) into a single chain turns *out t^Se 
rfie most complicated. Poor pupils do not master this principle and 
remain on the level of a disconnected analysis of isolated simple 
problems. Good pupils master it, and then the new system of breakdown 
is finally separated from the old and begins to co-exist with it inde- 
pendently . 

Thus three levels qf mas'^tery of the method of analysis are noted: 

I. isolation of some superficial elements of the new method, 
connecting them mechanically to the old system of breakdown; ^ 

II. mastery of the analysis of the first link (the unknown), 
mechanically connecting it with the usual breakdown of a problem (from 
the first question); 

III. the singling out' of the principle of combining the links of 
the analysis and, on the basis of this, the mastery of the method of 
analysis . 



It should be emphasized that this is only the basic line of develop 
ment in the mastery of the analytic method. Not all pupils, as we saw, 
attained the third level of mastery during the experimental period. llie 
weaker pupils stopped at the second level of mastery. 
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These levels of mastery of the method of analysis are also clearly 
connected to the way the diagram is constructed • At the first level 
the pupils make diagrams whose elements are Joined by rando^' signs , and 
perhaps a number of data will not be reflected in the diagram. At the 
second level the first link is clearly singled out — the unknown is j.oined 
with those d^ta needed for determining it, and the remaining links are 
available and are joined together in the order of the solution ^rdm 
the first question to the last)* lli^ disconnected .diagrams of indivi- 
dual simple problems that enter into a complex one also belong to this 
level of mastery, ^tte t;hird level is characterized b'y a correct 
analytic diagram. ' 

Hiis description of the process of learning the analytic method is 
given on the basis of individual experiments with a relatively small 
amount of experimental material. Naturally the question arises of the 
extent^ to which these features of mastery of the analytic method are 
characteristic for the rest of the pupils in the clk'ss^ To answer this 
question, we shall turn to the results of the group. 

6 / Group Experiments 
The group experiments were conducted in the beginning period of ^ 
mastery of the^jnetli od of analysis (in second grade) at the end of the 
first and second school year s^ (i.e., in" second and "tiHird grades) » Since 
we could not require second-^and third^-grt-Jfie pupils to write a detailed 
breakdown of problems by the method of analysis, we decided , to limit them 
to the composition of diagrams of the analysis of the prgblems. 

Slvpn in the individual experiments it was es tabl^i-shed that the 
nature of t»he problems broken down by the method o£ analysis told 
particularly oii the features of the construe ti^'h of a diagram. Therefore 
we thought it possible to judge the level of mastery of this method 
according to the nature of- the diagrams* 

Problems whose course o£ solution was clear to the pupils were given 
to them (i.e., probjems whose structure was familiar). After solving 
these problems, the pupils were to compose a diagram of the Analysis 
(they had composed these schemes both in class and in doing homework). 
But, unlike the schemes they were used to composing, the pupils were to 
write nJowh those data which they considered necessary , near the squares 
allotted in the diagram to unicnown data. Such inscriptions clarifiqd' 
the content of their diagrams. 
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Doubtless, a group experiment can provide only orientational m 
material for understanding the learning process • However, the general 
direction of this process and its most characteristic features can D~ 
isolated. » ^ 

The follciwing problem was given for the first time t? the pupils, 
who were to compose a diagram: 

In one class the pupils sat^in two rows ^ with 12 pupils 
in each row, and in another they sat'^n three rows, with 
13 pupils in each. In which class were there more pupils., 
and how many more were there? ^ 

' At the start of the. group experiment the pupils had analyzed a signifi-. 

cant number of similar problems, and the problem should not have 

presented any difficulties,- 

The results ^owed thaflhiot allele pupils had mastered the method 
^ of breakdown to the same extent • 

In five papers the weakest pupils 
^ ■ j# 

introduced a false solution into 

/ 

a siiperf icially correct diagram 

the analysis. See the 
diagran; turi^ed in by the pupil M. ^ ^ 
(Fig* 21). The other pupils 
performed differe^nt arithmetical 
operations, but in all five the 
diagram of the analysis was | 

analogous to the one that liad 

ft 

been most frequently constructed 
in class during the breaking doWn of problems 



28 



12 



13 X 3 



Fig. 21 

One cai^ assume that these 
pupils were cin a very elementary level of mastering the method o^i^^^ialysis , 
having mastered individual elements of it (in particular, thei^presence of 
the diagram) without r^onstructing the process of the' breakdovp. They 
p^duced a directly visual farm of^the diagram that had been impressed 
upon them on the basis of the classical exercises , ^ith no connection 
to the process of reasoning. 

In six papers disconnected diagrams of the simple problems, that 
made up the qpmplex one were handed in, which indicates mastery of the, 
analysis of isolated links of the problem. Five papers showed complex 
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• diagrams whose links were meclmnicaliy connected in the brder of t\\e 
problem's solution (from the first question) . It is interesting to 
note the ingenuitj^ with which the pupils reconstructed the idiagram , . 
according to the ordiijary course of solution. Thus, Valya made the 
following'^^ diagram (Fig.. 22) , where alongside the unknown (5) she placed 

the final question (ho^^any more?) and 
then, corresponding to the first 
operation, how many students were in 
' the first class?- and, corresponding 

^o the second operation, how ma<iy 
students were in the second class? / 
Valya S. did not find aAji^lace for 
the third operation, and she wrote 
only its result, the value of tl^e 
, unknown,- ±gi the "main hut.^ 
Nadya T. mana'ged to include* all three"^ arithmetical operations in 
her diagratn (Fig. 23) : • - ^ . 




Fig. 22 



. 1) How many^ pupils in one^class"? 
2\ How many pupils in the other 

class? , , 

■3) How m^J^y more -pupils? 
All 11 papers were characteristic of % 
tlue- s^ond level of mastery of the 
•method of analysis. ' . 

The remaining 2'0 papers, (56 
percent of the class) gave a correct: • 
di-agram of analysis. The group 
^experiment occurred at the end of the 
'aaademlc year iTi second grade. 



34 

'3^ X 



I'ow many pupils in 
one class? 



24 



12 



15 



Hnw many pupils in- 
the other class? 

'9 



liow many more pupils 



30 



24 



Fig, 23 



more com' 



X problem^was next given to the pupili;, who were to 



compose a diagram of the analyslK: * 



7 ' * 

The diagram of the analysis 
^tjie pT;^bble|ii'^is not Hymme4-ric ; 
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Before lunch some woodcutters cut down 39 trees, 
ancK after lunch rhey cut down 6 fewer trees. All the 
, trees were cari;i^d away to a farm in 8 wagons. How 
many trees did e3fch wagon hold? 



33 



39 



- ' 6 



Fig. 25, 



An analysis of the papers showed some pro'gress in mastering the 
method of analysis. There were no diagrams characterizing . the lowest 
level of liastery, no superficially correct diagrams . with incorrect 
solutions, and no disconnected diagrams of simplVe problems. 

In three papers the construction of the 
. diagram was sui^ordinate to the accustomed 

order of breakdown (the synthetic), but in two 
^ of them vari£|nt8 of the diagram were given, ' 

which reflected somewhat of a reconstruction 
of this process. Thus, Nadya T. at- first 
made a diagram of the analysis of the first 
simple problem (Fig. 25). This diagram was 
crossed out and another was given^ where the 
second simple pr-obL«r^was constructed on to^ 
[of the first (Fig. 26). The third simple problem (for the unknown) was 
not given in the paper, but it was included in another paper, that of 
Zina S., where the last siiilple 

problem was constructed on top , 
of the^ first two'. ^ ^ V 

The presence of crossed 
out diagrams allows us to deduce' . / 

./ 

the way these ^pils construct*^ , ^ . ' 

the diagrams of analysis. llie 
diagram itself was dc^ne in the 
ordinary ordjar — first the layout 
was constructed, then the first 

sim^^le problem was included, ^ 
followed by the second and third 
(I.e., the synthetic method). 



33 



H-39 



39 



Fie 

^lowever, thfese acliemes were 
arranged one above the other, and thus the scheme. for the third simple 
ffVoblem (where the unknown, is determined) appe^rc^d' on top , under the 
second and the f^lrsTv i'S'> the* reverse of ^Atv. order of solution. 

" ^ ' ^ ' ' ■ • * ^, * . ■ , 
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Obviously, this arrange ment, the teverse of the ordinary order of * 

arranging the links *'from the end,'* was selected as a sign of the analytic 

breakdown by these students, 'as the pupils in the 64th and 653rd Schools 

characteristically did ^this was not noticed in the Individual experiments) 

This is apparently an intetmediate stage of mastery, between the first and 

second . stages . " « 

In five papers a correct analysis of the first link (the unknown) was 

8 

given, but the second link of the analysis was missing, and^a new diagram 
was given in four of them, where all the links of 'the analysis were estab- 
lished. These papers were characteristic of the ^etfond level of mastery 

of the method of analysis. r x 

9 • " . 

In 24 papers out of 3^ (i.e., 65.8 percent) the correct graphic 

• ( * ' . • \ ^ 

diagram of the analysis was given. Ttius, the number of pupils who 

di^gtammed the analysis correjitly Calthoiigh\the problem waS5^>nlore compil- 

' cated) actually increased. One may, assume that these pypils had masteted 

the analytic breakdown of problems whose structure was^ familiar • 

The third and last group experiment . wad cinducted'at the very ^end 
of the acadCTiic year (in jthe third grade, in May). The problem, wh^ch 
was to be diagrammed usirig analysis, was apalpgous to the one given in 
the individual experiments (Pro^em No. 14), 

Many of tlife pupils managed the Q^mpo^sition of this diagram* of analysis 
which was much ^mo re complicated than the preceding one had been. Of 33 
pupiVs,^^ 25 immediately diagrammed t^ie analysis corC^ctly, at the first ' 
level of mastery. IVo. papers showed^ diagrams that \\ad at fitst omitb^^d 
individual links of the analysis, but that then gave a correct diagram 
of the analysis alongside. Tliree pupils' 'had the cor rectranalyJils of the 
first link (the unknown) , combined with the arrangement of th^^inks in 
t^e, order of an ordinary breakdown^ All five papers indicate the se^cond 
level of mastery. . . ^ 

8 

Lot lis "rpmeml)pr that, according to many experts, the method *of 

analysis is »not adfnitted in the breakdo^sTn of individual simple problpmr;^ 
compoHlng a complex one. - > 

. 9 ■ ■ 

Two girl's were sick . * t ' ^ 

* ♦ 

io * » . 

A num|)er of pupils were absent in' the third gra;le,. and a new pupil \ 
was not asked to compose a dia^rktn* . ' ' 
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In two papers a false solution was given: a link in the analysis 
•was thoughtlessly connected. One paper showed a diagram of only the first 
simple problem, although the problem was solved correctly. These three*- 
papers belong to the third level of mastery. Table 1 shows the mastery 
of the analytic method we have just described: ^, . 



TABLE 1 

Mastery of the Method of Analysis by Pupils 
in Teacher S.'s Class 







Group Experiment Number 




Group Flxperiment: 


1 


2 


3 


Level of Mastery 


No. of 
Pupils 


% 


s 

No. of % 
Pupils 


No. of 

Pupils 


% 




.20 


55 


24 77 


25 


76 


IX •«•••»••••••• 


11 


31 


5 15 


5 


15 




5 


14 


3 8 


* 3 


9 


No . of Pupils 


36 


32 
\ 


33 



show^ 



Tlius, the group experlmentR showS^d that those features of mastery of 
the method of analysis tliat were noted on the basis of our individual 
experiments were also present in other students in Che class. Here the \ 
'same levels of mastery of the analytic method were noted, tlje ^ame 
general direction for mastery of the. given method. Tlie group experiments 
showed that at the end of the experimental period the great mass of pupils 
had grasped the analytic breakdown of more or less complex problems whose 
structure was familiar to them (after solving -them) . 



7. Experiments iji Tliird parade - ^ 
The series of experiments described above (both the individual and 
the group ones) confirms the 'opinion of most authorities that the meth6d 
of analysis is difficult fpr primary school pupils, but that these 



■^^The table shows' ^the number of pupils appearing at the p,iven level 
of mastery at the time of the firsts second, and» third group experi- 
mei"»ts . . - " ' 



difficulties can be overcome with approariate educational guidance. The 
bulk of the pupils in' the; teacher S.'s class overcame the difficulties 
arising during mastery of tfte method of analysis towards the end of the 
experimental period (i.e., after the second and third years of study) • . 

But perhaps some of these dif f^icul^'es arose because the method of 
analysis was introduced too early. Perhaps those methodologists are 
right who consider it ImpossiWte to introduce the breakdown of problems 
.by the analytic method before Ihe third grade\ 

In addition, no matter how e^xperienced th? teacher is, the peculiar- 
ities of the method he uses and the peculiarities of the given group of 
children must exert an influence on the mastery of the method of analysis 
We felt the need to see how the analytic method is learned under tiie 
guidance of other "teachers, when^it is introduced in third grade. 

The experimental instruction of the method of analysis, as was indi- 
cated above, was conducted in two thii;d grades of the 19th School for 
Girls. Both teachers in these classes were vivacious and creative, with 
a great interest in anything that might help them in their work. Tlie 
teacher of grade 3A, Miss R. , was very experienced • Tlie teacher of gra^e 
3B, Miss K., did not have a long service record, but was well prepared 
and worked successfully and in close contact with Miss R. These were 
good teachers, of which there are many in our schools. 

The analytic method of prpblem-breakdown, widely recommended in the 
methodological handbooks, had attract?ed their attention long before, and 
both teachers were willing to study the method of analysis with the 
children regularly, assuming that this study would reflect auspiciously 
.on the ^u]^ilr/ general development and on their ability tc^olve problems 

Bf^fore the experimental trailing the pupils had been taught to ask 
a question about the data and to select fhe appropriate data for the 
question, but special work on the method of analysis had not been done. 

Tlie lessons on acqua in f inp, the pupils with the "classical^' analysis 
of simple problems were modelled after the first lessons in the class of 
the teacher S» The pupils were also p,iven a diagram of iUli analys^, the 
kind recommended in the methodological handbooks^ (both the known and the 
unk^iown data ar^^ written in circles or squ;.ires) . 

It was not possible to dwell on the analysis of simple* problems , sin 
this irilght reflect nfl^',atively on the mastery of tho currichlum material, 
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At the same time, it was necessary to liquidate as quickly as possible 
the interval between the problems that were analyzed and those that were 
solved in conformity with the curriculum for the thicd grade. Therefore 
the breakdown of complex problems in two and then in three operations 
was demonstrated rather rapidly. Work on classical analysis of problems 
continued through the entire year. 

In both grades along with observations at lessons, both group and 
individual experiments were done analogous to those in S.'s class. 

The relatively rapid transfer to the analytic breakdown of complex^ 
p-roblems doubtless created certain difficulties for the pupils. In 
addition, it must be mentioned that these classes did not receive a large 
i^amount of special work on developing an ability to operate with abstract 
concepts, as did S.'s classes, and this, too, was reflected in the 



mastery of the new method. 

ginning perJ 



Therefore, the beginning period for mastery of >lie method of analysis 
was probably particularly difficult for the pupils In these classes (as 
the experiments showed) . The first group experiment was done four months 
after the introduction of the ^^classical^^ method of analysis the follow- 
ing, problem with three operations, easy for third-grade pupils, wa.^ given: 

Nine bicycles' and 8 sewing machines were delivered 
to a country store for a sum total of 8425 -rubles. How 
much did one sewing machine cost if it is known that 
one bicycle cost 625 rubles? 



o 



ilow much ili^c.s 
1 machine cost? 




8425 



/ 
625 




}Iow much (io tht^ 
b 1 c vc^ 1 cr. rnr, i ? 



Fig. 27 



The students were supposed to 
diagram the analysis to this problem, 
just as in the class of tl^e teacher S* 
The nature of this diagram allowed us to 
judge the. level of mastery of analysis. 

An analysis of the pupils' work 
showed that only six pupils in grade A 
(out of 40) and two in grade B (out 
ol' 39) were able to diagram tlie analyBis 
pjioperly after solving the probltim. The 
correct diagram of the analysis is given 
in Figure 27 . 
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A significant number of the class A pupils (20) and quite a few 
from class B (10) diagraismed the analysis to correspond to the course 
of solution, only introducing the unknown into the foreground (in the 
uppermost circle) • 

In the papers (of the 30 indicated above) 
an attempt was made to arrange the known data 
in the reverse order of the way they were 
obtained (the opposite of the way they were 
solved) . As an example we introduce the work 
of Zina Z. (Fig. 28) . 

1) "For how mifch did they sell one 
sewing machine?** She explained 
her diagram. T 

2) '*How much did the sewing machine 
cost?'' "V 

3) "How much did the bicycles cost?" 
All pf these pupils subordinated the combination of the elements 

t 

of the diagram to the ordinary order of the (s^^nthetic) breakdown, and 
we can note a totally arbitrary comi^iation af the elements of the 
diagram with the* other pupils (11 Jp^^ class A and 22-;^x^m class B) . 

Thus, Tanya S. Introduced only the data known from the conditions 
iil^ ,the circles (It is precisely these data that pupils select first 
in a breakdown). She drew this type of diagram (Fig. 29): 




Fig. 28 




^ 'Fig. 29 . 

Valya T. also introduc^-d the known data into the circles, but 
supplemented them with circles contaitiing question marks (Fig. 30). 
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Ho\^ much do 9 bicycles cost? 



How much do 8 machines cost? 



Fig. 30 

Asya M., apparently trying to make the diagram sjhnmetrical , disposed 
,of the knovm data on one side, and the unknown on the other (Fig, 31), 



How much does 1 machine cost? 

How much do 9 bicycles cost? 




9 



8425 



625 



? 



How much do ^8 machines cost? 



Fig. 31 



In alL the diagrams of this type, the fortuitousness of combining 
the data in the dlagrS^is clearly manifest. All of these pupils singled 

out very little from the new method — the presence of the circles with 

question marks and data was subordinate to the determined order, apparently' 
because they did not understand that the arrangement in the diagram reflects 
a definite relationship between them. 

On three papers from class A and on five papers from class B only the 
rudiments of the diagrams were given — one or two circleis. ITiese pupils, 
obviously, refused to complete the problem,* considering it too difficult. 

Thus, almost all the* pupils in these classes turned Qut to be Dn 
the first level of mastery of the method oij^ analysis , -having learned 
very -little of the essential elements of the new method. 
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At the end of the experimental period (the end of the fourt^i quarter 

12 

of the third academic year), the picture was changed slightly. ^ The 
number of pages showing the correct diagram of the ^nalysi^ increased 
significantly (indicating the third level of mastery): 17 papers from 
class A aijd 16\rom class In five papers from class A and in two 
from class B tixe correct analysis of the first link (the unknown) was 
combined ^ith t^e arrangement of the remaining da^a corresponding to 
the course of solution, i.e, it was still difficult to isolate the 
principle of combining tl^e links of the analysis with one another, and 
therefore these pupils had 'attained the second level of mastery of the 
method ^of analysis. In the remaining papers the combination of the data 
was either subordinate to the ordinary method of solution, or else the 
elements of the diagram were 'tombined in an extremely randb^manner • In 
six papers, only the rudiments of the diagrams of the analysis were ^'iven. 
For comparison, the appropriate figures are enter-^d in Table 2. 

' Table 2 _ 

Mastery o^the Method of Analysis by Pupils 

/ ■ 

in Tiiird Grade 



Level of 
Mastery 



I 

11. 
I IT 



b 



Start of Exueri- 
mental Perred 



No . of < 
Pupils 
Class A 

20 
•»14 



No. of Pupils 



4D 



No. of 

Pupils 
Class H 



10 
27 



39 



■End of Experi- 
mental Period 



No. of 

Pupils 
Class A 



11 
8 

• 5 

17 

41 



No. of 

PupilS" 
Class B 



6 

2 
16 



40 



Class of Teacher S. 



No. of 

Pupils 



2^ 

1 

5 
25 



33 



6 
3 

15 

76 



Note: Mastery level I includes a) combining tlie elements of the diagram 
cor respuiuii ng to the ordinary course of solution, and b) combi.nit;g 
tt) tally at random with only a rudiraeuLary ■diagr.^m. 

The individual experiments confirmed this general direction for the 

mastery of the tnetlio'd of analysis, and nothing new in principje was intro- 

duced . . 



■'"'^A problem in three oper <'VtJ.ons was p, ivun, which was casiei; than in. 
the class of the teacher S. , • , j' ■ ■ ■■ 
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It is aecessary to note some difference in the mastery of the method 
by the pupils in class A, where the teacher was more experienced, and 
those in/ class B. Althou^ the methods of work and the selection of 
problems^ in both classes w^re generally the same, in the class taught 
by the less experienced teacher, more of the |>apers (particularly at 
first) fell into a lower level of mastery pf the new method • The 
influence of the teacher's skill, her ability to make more complex 
questions accessible to the pupils, both are involved here. ' ' - 

The data fri^m'^^he last group experiment in the class of: the teacher 
S. (in the, last quarter of the ^third grade) are given in Table 2, for 
comparison* Even though a more complicated problem was given for 
analysis in ^.'s class, the 'greater numb-er of correct papers indicates 
a higher level of mastery of the new method by the pupils in this class. 
Only in two papers was the joining of the^lements. of the -diagram 
subordinate to the mode of solving, and in only one paper was there just 
a Rudimentary diagram. In S.'s class, even in the initial learning period, 
there were almost no paj^ers in which the elements of the diapT^ were 
joined altogether arbitrarily, by a random metho^d^symmetry , etc.). 

Thus, gradually introducing the ^*classical'^ method of ^analysis , 
beginning in second grade (under a sufficiently ^peirignced, teachet^ , proves 
to be much more auspicious than introducing it in the third grade. 

The highest level of mastery was attained by the bulk of the pupils 
in the class of the teacher S. and by the better pupils in classes A and 
of"" the' 19th School. lliere is every reason to assume that with further 
work on the analytic method of-breakdown of problems, most of the pupils 
in .the 19th School could attain the s^me level as the better'ones. 

8. Summ ary 

Thus, we investigated ^le peculiarities of mastery of the method 
of analysis under different educational conditions: 

1, In the absence of regular work on masteriim it (the class of 
the teacher P,, third year of study}; ^ \ 

2« Wftji syste.mati-fi ,work on this method bu?t without regular use ot , 
diagrams (the classes ot the teacher C; . — 3rd and 4th grades, and of 
the teacher D. 3rd grade); • 

3*. With .systematic work on this method of analysis and with the 
use of diagrams : * 
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a) introduced in second grade; / 

b) . introduced "Hn thitd grade (^he" elasse3 of ti 
and of tcacluers' R* and K. of the 19th School), 

The investigations . showed that, depending on the peculiarities of 
the educational process, the pupils attained different levels of mastery 
of the method of problem-breakdown, which was new and quite complicated 
for them. In classes where analysis is studied from time to^ time 
but without regular special work on this material, the pupils retain 
completely the old, habitual system of break4qvm; only some isolated, ' 
superficial elements of the new one become intertwined with it (•a few 
Standard phrases) • Even the best pupils dg not attain mastery of the . 
analysis of separate links (except the first) of«the problem (grade 3 B, 
47th School) . • . ^ * "nP^^ 

Wliere special exercises in the analysis of problems are done 
regularly, where partial analysis is practiced frequehtly, emphasizing 
the necessity of determining one datum for funding the value of the 
following one, where complete analysis Is rarely practiced and diagraimning 
is not used, where students single out a superficial facet of the analytic 
method of some typ^ of problem (**chain**-problem) as essential, the method 
of analysis is approached as a ''breakdown of the problem from the end/-* 
The corresponding stereotype, worked out on^the basis of iei\gthy training, 
proves ext'reraely stable and yielits to reorientiation with difficulty 
(the 64th School and especially^Jie 653rd) • 



f <i4 _^ 

Th^ introduction of the compre^e analytic breakdown of problems wltiV 

diagrairaning in third uracia,whon the curriculum material, is quite ccjmplex 
ami docs not allow one to dwell on the analysis of simple problems, i/ 
involves considerable dif f inulties • Since the initial p^riod--work on; 
the analysis of rfslmple problems — is" by necessity ^too sho:ft,' ,many pupils 
single out only a tew purely superficial elements from the new method — 
the standard verbal beginning, the .ivallabllity of superficial graphic 
elemiM^ts. Not having Isol'ated the principle of combining these elements, 
■^.tho'y join them togethut iu a very happenstance manner (in the order ^of ^ 
their arrangement in th'^ problem, \ind the like). With pe^rsistent 
contlirulng work on analysis, the best pupils are able to analyze \incomp- 
licated problems by the end of the year. Tlie other pupils (good and 



average), although they had mastered the analysis of separate links, 

H could not gfasp the principle of combjining these links and most frequently 

^' „ joined them on the basis of the habitual order of breakdown (i.e., follow- 

*ing the analysis of the unknown are t^ie data which correspond to the 

first*; second, and succeeding ari thmet^ical operations). 

Poor pupils ^^^^ away from analysis ©^ reduce it to tlie ordinary 

solutigpf (19th School, grades 3A and 3B) . ♦ 

t Finally, whep the method of analysis is introduced skillfully in the 

second grade, wLth lenigthy practice in the analysis of less complex 

problems, the pupils master the analjjtic method with diffic4ilty, l?ut 

move completeljsi, with a p,radual increase in^^ts complexity. At the 

'j end of the third grade not only the good pupils but also the average ones 

\ can give a correct analysis of problems^ with t^ee or four arithmetical 
\ 13 ' 

V operations (grade 3B, ,47th School) More than 75% of the pupils gave 
this correat analysis. 

At tl^ same time, one can note a^ general, trend in the mastery of 
this nefW inetliod_ of bre akdown in all those classes where work ,was conducted 
on the analytic method of breakdown of problems. In general, all the 
pupils pass through the/ same levels of mastery of the methocTof analysis. 
Under inausprrrtous'*e8«icational conditions most pupils are detained on a 
lower level of maste^, and under auspicious conditions, they attain the 
highest level. . 

Tlie introduction of the method in' second grade, with diagrams and 
with regular length training, are auspicious conditions. This is the 
conclusion of this part of tlie investigation. 



\ 



/ . ^^The class of Lho teachor S 

/ \ ■ 
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Chapter IV 

EXPERIMENTAL IJTVESXIGATIONS OF ANALYSIS AS A 
METHOD OF SEARCHING 70R A SOLUTION 

!• Difficulty as Function of Problem Structure » 
It was shown above that the method of analysis Is difficult for 
pupils. How difficult it is depends largely on the mathematical 
structure of the pi:o>lem,'^ 

Even the analysis of simple problems, as the investigations of 
Menctiinskaya [15: 90J have shown, turn out differently according to the 
degree of difficulty, depending on the structures of the problems. Ixi 
this investigation first-grade pupils were supposed to reinstate data 
which had been left out of the problem. Reinstating the missing datum 
did not cause any difficulty if the question of the problem contained 
an indication of the mlssing>iatuin, ( How much did tlie top and the drum 
cost?**) and of the datum contained in the problem which was identical 
to the missing one (the top dos ts , the drum costs ) , 

The analysis is more complicated where the question does not 
contain an indicatioxi of the missing datum and the latter Is not identi- 
cal with that contained in the condition C*There were 17 desks tn a ' ^ 
classroom. How i^kny desks r^i^^ined if they removed 5?*' There were 17 
desks, the^{ re moved 5), ^"'^ 

Problems? that demand the recreatibn of a new and ,st ill abstract 
datum in order to make the solution of t^ic problem possible present ^till 
'^'greater complicat'ions^ for analysis, boy bought a top and a drum. 

The top cost 2 rubjedfc How much did the drum cost?'') Here, in order to 
recreate the hissing datum," the cost of the dr)M mus*t be related somehow 
to the cost of the top. 

' -'Thus, the analysis of simple problems is t^he more cotnplicated as the 
indica^tion^ contained in the question of the problem for the necessity 



1 ^ ■ ' ^ 

One muRt include the features of inferrelationships between quanti- 
ties (the i^nterrelationshlp between numbera and the relationship of these 
numbers to the unknoVn number) under mathematical .structure of a problem. 

81 , ' ' 



'of finding the unknovm data are less concrete, and as the interrelation- 
ships 'of*these quantities are more abstract. 

' If in. the analysis of simple problems their structure infldfences 

f 

the difficulty of the analysis, then it will undoubtedly exert a still 
* , 

greater influence in analyzing complex problems'. As was shown fcy the 
individual . experiments in which analysis was applied to problems of* 
different structures, those problems were easiest whose questibn contained 
a direct indication of both data necessary for determining the unknown; • 
both of the last- data, are of the same kind and can be determined on the 
basis of the Icn^Wled^e of more or less habitual functional connections 
between the data, (We, shall call them pxiblems of the first gtruature,) 
Problem No . 1 is an example of a problem that is 'easy to'^brepk. down 
analytically. • ' ' z^"*^" 

A girl bought 3 candies at 4 kopeks each and 2 ^ 

cakes at 10 kopeks each. How much money did she spend? . 

i- * •* * , 

Its question requires determining. how much money a girl spent on candy and 

cakes'. On tlie basis of this question the pupils determine easily that 
they need to know how much she spent for the candy and how much for the 
cakes (I.e., the data required* foj det^ermiriing -the linkriowi) ca^be indi- 
cated on tiie basis of the analy^ld^^of- .the^j^ itself). 

Tlie second. and third linlc^/j5?"^^ analj*is are of the same type — 
'^^'**^'fe«H^^ust4^deteripine the cyst o'f-^the candy and the cos^ of the cakes. 
These unknown data necessary for finding tive^ unknown caff^be deb^^^ed 
, on the 'basis of the ordinary interrelationships of cost, price, and 
quantity. llie N>alues of the latter two' are ^own from the proilem. 

Good pupils are able tu give a correct analytic breakdown*of 
problems 'wi th such a ^tructure during the initial per-iod of mastery of" 
the method of analysis. 

Those problems in which the quest id'n does not indicate the two data 
necessary lor determining Ih^ unknown, but in which one must re-establish 
the course of solution of the given problem, as lung aA it cannot be 
determined pn the basis of the fnost ordinary fufticdlonal interconnections, 
are more complicated to break down analytically (t)iese are problems of 
the second structure). ^ * 
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Thus, in Problem Ko. 3 oue must fii>d the cost of one pair of 
kittens. * ' • * y 

Mama ^pent 50 rubles shopping. She bought a scarf for 
rubles ani 3 pairs of mittens' with the remaining money* 
How much doe^ one pair of mittens cost? , 



Iti order toyselect the data necessary for '^he first link (to^^ the unknown), 
we must recall those abs£ract interrelationships which Xnvolve the 
unkliowu and from which it can be determined^ > 

The price i's determined on the basis , of the ordinary connections 
between 'price, quantij^y, ^nd cost', and it is prec^lsely these functional 
tie^^fi^ch^iliust be recalled, - • , 

. In classes where sufficient work is' done on reinforcing knowledge ' 
of the' functional connections between the data, the pupils, quickly 
overcoiae this difficulty and then give a correct analysis vof the fljrst . 
link 'without any particular difficulty. - - ' ' k 

X Thej^ analysis of the second link presents mi^ch greater difficulty 
in tKfe problems, in which the unknown cannot be determined on the ba^is ^ 
of these o.rdinary cpmbinations . For selecting the necessary data, one 
must turn to the specific text of th^ problem* 

< In 'two-step problems (composed Qf two simple problems) ' both data 
necessary for determining the unknown are at, hand, but they ^are 
connected with the unknowq^^Lin a less cbimnon relatiptisljlp . \ 

in Problem No..3,. tl^ unknown of tihe second lixik is the^iost 




of, three pairs of mittens* To flnd^ it^, .one must Subtract the cost of 
the scarf (SO rubles) from the tdtal sum for the entire purchase (50 
rubles), Ti>«Jfe, the cost of three pairs of mittens enters in as the 
ii^fference of the two (50 ;- 20 * 30^tubles; 3 pairs of mittens <;ost 30 
rubles). .The pupils shquld recognize that this remainder is the cost of 
three pairs ^of mittens , , * * ^j, , 

Both my i<i-class observation and the experirafents showed, that tjii^ 
re-thinking, this switching over from one 's^tem of fies ttr another, * 
prssent^ great difficulties f^r pupils, even good ones. J ' 

» If, in V problem with two arithiietlcal operations, thej pupils can 



rely on th? concrete data of the problem in the analysis of thfe second 

link (as long as both necessary data are known) ,'4^1 problems with three 

or fQur arithmetical operations both req^iired data are,i. in their turn, 

\ ' J 

unknown. In order to selec^ the data necessary for- det^^milning th5 
/ . . 83 . . 



unknpwn-of tie ^epond link, one must recall the course of solution of 
the giveji problem, and thus re-estaBlish the required data. 

2 

Thus, the ^alysis of the first link of Problem No. 14^ does not 
cause any difficulties* The pupils easily determine -that in order, to 
determine the nunjber of overcoats made, one must know the a^unt of 
'material used'^ln making th^ and the number of meters used in each over-r 
coat—the given functioi>ai relationship is familiar to them. 'The value 
of the first datym is not ♦contained in the problem; it must be determined 

In the second link of the analysis the students again have to deal- 

wijth a qi^atlt>^^ of material, but here this quantity i,s not determined on 

the basis\p'f the familiar functional relationship. In order, to show the 

data.ne^ssa^ for determining it, one must recall the course; of the 

problem's Solution, those ari^t^etical* operations by which i^J^as found-, ^ 

(2fip 60 ■ 140 m) , and one must 'change their abstrapt significance into 

nuitterical quantities,' i.e., show that to^determine the number o,f meters 
* » • • > 

of roatferial used for the overcoats, one must know the total ai^unt of 

material (200) and the number of^leters used to make the suits (60). 

As the experiments showed, the pupils^'^o had already mastered 
analysis of the unknown an the basis of the ordinary combination of 
data li^d .great difficulty with the analysis of 'that type of unknown and, 
when they came across it, slipped easily back to the ordini^y course of 
breakdowti (in the order of solution) . 

Only towards the end o^the third gi^ade could good and average pupil 
(of the tether S. from the 47th School) and the best pupils in the* 19tfh 
School give a correct analysis of that typ^ of problem Cafter solving it) 

Thus, the less the pupil can lean on the direct, concrete data of 
the problem on the one hand, and on familiar common* functional relation- 
ships between quantities on the other, the jtioxe complicated Is the break- 
down of prob^emB by the method of aimlysis. " ' , - 

, 2, An^^^lX^A? ^1!L 5. ^ll^hoii 2L St^archinp, for a So l ut io n 
Up to this point we have tonsid/red the learning process and the 
degree of comp^^xity analytic breakdown of problems after they liave 
been solved — afte"r the question o'f courses of Solution has bB«^l^ disposed 
'of and the solver can concentrate on the construction of the breakdown 
Itself. Thus the analytic breakdown is .the flri^l^ sta^e of work on a 
problem. But Is it possible to broak^c/own still unsolved problems by 

' : 2 



See p . 13 . 
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the methoti of analysirs? Can .the met;hod of analysis be a. method of_ 
searching for the sqlutlons ? » 

Let us recall that opinions also differ on this question, in both 
^ pre-revolutionary an'd Soviet literature on methods • Some authorities 

regard the method of' analysis 4S a way of looking for a Solution, and . ' ^ ^* 

A; * ' • • ' 

others^regard it as a method of breaking down .problems ^that one already/ 

knows ^liow to solve.' ' 

The experifcentai data confirm the latter view. The investigations 
showed that good and* average pupils who had mastered the method of 
analysis of problems they had already .solved were quite capal^le^ of coping 
with the preliminary analysis of ]^rol5lems^f the lir^t ^truct^ite. These 
.were the problems ^hose question^contained a direct indication of •'the 
necessary data, or ^se the unknowns (both the main one ahd tha inter- 
mediate ones) could be determined oh the basis of the usual combination 

* of d^ta by familiar functional ties. In shorty the pupils could readily 
use analysis for problems whose solutions were clear to them, 

A preliminary analysis of problems of the second structure, whos^ 

* course o-f solution was not confined to the ordinary combination of data, • 
proved impossible • Moreover, tlie attenipt to rely on the methfed of * 
analysis while looking for. the solution ended 'in failure and forced the 
pupils into Tt rechanlcal trial and eryor > * ^ * , 

'tIius, an average pupil, in S.'s class<, Zoya 4C,, was given th6 break- 
down of Proble;^' Na, 14 by the method of analysis and correctly indicated 
both da^a necessary for determining the, unknown. "Here she was guided by ^ 
tte common interrelationships of the data. 



"In order to detetmine how many overcoats were made;'^ 
Bhe said, * we must know how many meters went Into one 
overcoat and how many meters went into all th»* ovei;coats ^ 
Four meters went into one, but the"^uiiber of meters used 
for all of them is unknown."^' 

She continueA^ *'We must find how niai|y meters wero used 
for tjill the overcoats. For this we must krtow how many . 
overcoats were made and jiow many meters went Into one over- 
coat/' Zoya paused. The effoft to rely on the ordinary 
combination of the data had led her in a logical circle. 
Sherep^ated the first link of the analysis ,v, and then' 
contended ^hat to determine, the amount, of material used 
for the coats, it was neoessary to know how many meters 
were in each pielie of .material ^and how many pieces there 
were. • ^ . > 
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Here, as we see, she turned teethe solution, and indicated 
necessairy thos^ data which were inTtolved in the solution of the f ifst 
question of th^ problem (how many meigrajtfi^e brought into the shop). 



•V "We must multiply 25 X- 8," she sai^, 
an.tf drew a diagram to correspond to her 



reasoning (Fig. 32). 



Introducing both data, she ' 
continued: "And we still must know 
how many meters were used for the 
suits. For this we must multiply 
3 meters by 20..." — Zoya -has vindi- 
cated the data riecessary for solving 
th^ second quest;ion of the problem. ' 
Again she ^turned to the diagram and 
lieslta ted -r- Where should these new 
data be put? 

Not finding a place for them an 
her diagram, Zoya sket.ched ^ ^ew 
'"hut" at.6ne side (Fig. 33). Then, 
ookdng a€ the diagram, she carried 
ut the operation indicated in it: 
25 8 - 200 She -wrote "200 m" 

in the appropriate box. Now, 
according to the scheme, she should ^\§ve 
divided' ^0 by 4 . She did the division 
^nd wrote 'the result in the place *for 
the unknown (50 pieces) . She wrote 



25 



Fig. 32 



^60 



obtained from multiplying 




? ^ 




• ? 





X 20 



Z5 X 



Fig.>^03 



3 X 20, in the ."hut" at the side. 

• ' d 

The experimenter suggested that 
she read through the problem again, 
attentively, *She did so and again 
' " drew a "hut", and ^sugge^tedj finding 

ho^ many meters were u^d for 1 suit and 
1 overcoat — 3 m -H 4 mr^ ■ 7 m, 
i.e., it was evident that she was using 
. blin4 trial and error. The expei;iHien1:^r ' s 

question What happened tp the' 200 ^ * 

meters? — helped 2;oya to galn^an 
understanding of the situation. \she 
solved- the problem and then gave a-tforrect 
Breakdown by the method of analysis. 

The efforts to give an analytic breakdown of this problem befo.re 
solving it proceeded analogously' with a number of other fiupils . Two 
of the best pupils, after having given a ciorrece analysis, of the first 
link, hesitate^!, re-read th^ text, solved the problem in a whisper, and 
then completed its •breakdown with asimrancie. Tn cases' where the f irst 
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linlt of the analysis was not constructed on the basis, of the ordinary 
combination of data,' these pupils gave an. analysis only after solving 
the. problem. * , - * ^ . • , ' 

' ^But perhaps these pupils still Jiad not mastered the method 6f, 
analysis adequately, and therefore this tyRe of breakdown, which was 
difficult for* them, did .not simplify their search for a solutiorl^of the 
problem? Wliat if the analytic breakdown of the task-problems were to 
be' carried out in class, under the teacher's guidance? To what extent 
would a pre/±minary breakdown of a- problem by €i\e method of analysis, 
doiTB in class under the teacher's guidance, clarify the essence of tihe 
problem for the pupils and -^ei? them tp ^irid the way* to solve it? We 
conducted a supplementary series ^f - exj^eriments to answer this question. 

A year after the !i)ethQd of analysis had been introduced (at the 
^nd of the first quarter) in the third grade in the 4^th School, the 
'^experiment was done in the class ot- the teacher S ' / 

The follo;;^ii^ problem was given to the-^!^ils in class: 

Fq^rty-five .workHooks were delivered to a bookstore. ' On 
the first d^y they sold 30 rubles' worth, and on the second 
AS* rubles', worth, after whi(jt\ 20 workbooks were left. How - \ 
much did all the books cost? *^ ' , 

V \ ^ ^ . " 

This was the first time that the- pupils had seen a problem of this sort 

—it ^^as a task-problem for them. 'The-^way to so/v^^it was not contained 
in the framework of the ordinary, intarjelationships . ^ It was a problem ^ 
of the second structure. ^ 

' After the^ordinary work on the te'xt^bf the problem — reft^^l'ng it 
and isolating the known ^datar and the question— the pupils ^et about 
breaking it down by^the method of analysis. \^ 

The 'first link'* ^f the analysis was constructed on the basis o£ . 
familiar funcfibnal relat;if)nships between the data. I.e., it wa^ recalled 
easily. Tlie price of one workbook appeared, in the second link as an 
unknown. Thfs datum was* determined on the basis of the same functional 
relationships between quantity, price,, and cost. However, neither 
datum 'necessary for determining the price 'of one workbook was indicated 

in the text. llie first datum appears as a sum of money received during 

«t * 

the sale of the books on the first and second days (30 rubles 4- 45 .rubles) 

, ■ \ 

and the second, the number of workbooks sold , as the difference between 



I 



the total nujnber of workbooks and the number ^f* workbooks remaining 
(45 - 20 - 25) . • 

B<yth data should be^ reconsidered, on the basis of the analysis of 

the. text of thfe specific problem, and thi's caused great difficulty for 

3 * ' * 

the pupils, * "I ' ^ 

* . ,) 

"We do not know how much one workbook ^fosts," said 

one girl who, was called to ^the board. "F/r this we 

must know how many 'rubles were spent on .the second 

day/' (Pause,) / ^ ^ 

"How 4nany were s?old on the second day?" was heard, 

"How tmany remained?" , * • y 

"One must .know how many workboqks there were in > . * ^ 

all and how many^rubles they were sold for on the 

twp days . " » > ' , . * 

We saw that^the girls suggested completely different data as necessary: 

Only one of them is actually necessary — that .datitta /which 'is determined in . 

the first operation while solving the problem^ The analytic method of \ \ 

4 

breakdown, obviously, does not eliminate mistakes or guessing. 

"7 * . . : V 

The teacher reminded them; . , - - < 

4 ^ - 

"We must know the price of the workbooks; what' must be' 

known for ,t^is?" - " \ ^ ' . 

"The number of iiJorkbooks must be known. "'^ "^-^ ^ 

"For how much money were the,y sold on the slacond d.^y?" ^ 

"How much on both diys?" 

"How many workbooks were left?" 

"How much money was received on both days and how 
many workbooks, were, sold?" 

S • The girls had finally. found the necessary data. and filled 

in the diagram* The last 4inks in the diagram were filled in ' 
easJ^ly. ^ . 



^ On t^h£ difficulties of ^reconsideration, see above, p, M." 

A * 

Recall^ ttte opposite assertion of a number of authorities — E. 

Shpital'ski^nd others. The experiment indd.£*tes othei^ise, 

. ' . / -■ 




Thus, even here, in a classroom situation, the |3relimii^ry break- 
'down of task-problems by the^ method of analysis is too difficult Just at 
th^t iin^Jwhich requires not so much recollection of the familiar relation- 
ship of the quantities as an^awareness of the' text of the giyea problem. 
Only after a series pf data given at random did the^,students^inally fiAi, - 
tthe necessary ones . ^ _\ 

During the analysis^ the pupils drew the appropriate diagram on -the 
board* A repetitive analysis of this diagram caused no difficulties 
(with good pupils) • - The analysis was repeated twice, and then the work 
in class on the problem was discon{jJ.nued . ' * ^ 

Then seven good pupils wer^* chosen to solve this problem^ndivi- 
dually. Of all the subjects, only one, Lyusya G», solved it easily. 
The solution caused somevdif f iciq^ty .for all the othefS. The greatest 
difficulty w^s caused by the realization that the^|||^ ^bles received on ^ 
both days was the cost of 25 workbooks. 'Ttiat is, the essence of the'- 
'problem was incoppr^hejisible '^^the?' pupils . 

Thus, Galya Z. ^und both data* (75 rubles and 25 workbooks) and 
got lost: " • ' , 

''How much..:did one wo/kbook cost? All the books cost ^ 
,75 rubles, ftpw^much did. must find out how much one ^ '•^ 

work'book costV" For this we must know how muqh,.,.,'* — she 
attempted to remember the, course of^ffhe analytic breakdown, 
but then returned to- the text. After re-reading the problem 
once or twice, she repeated it, again solved the first a^d 
second questions and, finally, joined .the required d^S^ 
correctly. • " ^ 

Galya Z. barely coped with- the difficulties tliat aros^, ^ut others, 
even superior students, would requitre helpful questions or ^ direct 
hint from the experimenter in^ ord^ to find the bourse pf solution. It< 
should be aoted- that whdn difficulty arises, the pupils quite easily 
cross over to looking for the right course by the-metho/d of 't^rial 



synthesis: They fi^d the dlf f ^renc^between 45 rubles. aiW 30 rubles 
or divide 45 by 15, 75 by 25, etc. ^ ' ^ 

' I If the analytic breakdown" of a problem introduced into the^ clas.^ 
diS not clai'ify the course of its solution even for good pupils, ^hen ( 
a fortiori " it would remain unclear to .the weaker^^j^rtrpi^^ ^ 

Similar resul^ts were obtained when this type of " experiment was^done 
with fdMrth-grade pupils in the 64th School tpupils of teacher G.). ^ ^ 
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A* problem was taKen .for analysis In class whbse full ansl^t^ break- 
down is presented in the book edited, by Zciamenskii, et. al» [41 ] • ^ 



A collective arm assumed that some hay stockpiled for- ^ 
cattle would last for 198 days, but the hay lasted for i 
217 'days since it was of the highest quality and they used 
171 kg less day than they thought they would, ^w 
mu^ hay had' been prepared 'on the farm? 

This problem was doubtless very difficult for this class (the way to solve 
it was ndt 'familiar to"" tljem) • ' , * 

- The teacher constructed an analytic breakdown of it in^complete * 
accordance with the, form in thejsethods handbook. Difficulties .were 
encountered in the breakdown, butNihey were overj;:ome by common effort. 
The analysis was repeated twite according to the diagram sketched o\i the 



board a,nd, ?just as in the 47th School,) no more work was done on tJhe 
problem, , . * " , 

Individual experimeftis with the ten best ^^tudents in the class 
showed that the analytic breakdown -done in class flid not clarify 'tha way 
to so^e the problem. Not one of^ the ten coulti solve the profcU-enl unassisfi^ 
Only the beginning of the solution was mastered * thoroughly . (The analysis 
in tlass was concluded with thase data.) Fur thermore, ' th4_course of 
ssplution turned out to be different. Thus, Zhenj^TL. tried t5 (^^ermine 
how much hay was given out in one day by dividing 171 by 19 (he took the 
daily saving of ha^ to be the entire saying). His result did not worry • 
him: ''On the collective", fard they gave 9*kg ^f h^j daily to all the 
""cattle"! He tried to continue the solution:' ''9 X 2i;7.^..." 

The experimenter indicated- the absurdity of the answer: 9 kg daily , 
for all the cattle! Th^n tZhenya began to carry ^ut *new aridimetical 
operations, without eve^ asking questions: 

' • ' . / 

. ^ . • 171 X 217 - 37007 
*L ' • 171 X 198 = 33758 

37007 - 3375& ... . ^ . 

that is, he ^egan using blind trials. * - ; 

Analogous attempts could be noted with the o-ther pupils. 
When difficulties were encountered, the pupils UBually did not try 
to apply the 'analytic breakdown of the problems. Only Vanya C. made an 
attempt: . i . 
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'*May I start with the Analysis?" he askad, and, with > 
permissicjn, he wrote down the question of the problem. As 
data needed to determine the unknown, he indicated those 
which were necessary for the solution and drew this, 
diagram: * V 



How much hay did they prepare? 





How much did they save 






How many days did they 






in one dW? 






save? 






/■ - 










19 » ■ » ■ , 21/^ • » t * * * 









Then hfe stiopped, tried to remember the breakdown done in 
clas^, and refused to continue the analysis, * ' 

Thus, ^he one attempt to be gui'ded by^ the method 1d£ analysis when diffi- 
' culties arose did^not meet with success. 

. Only after the experimenter asked: Why^did they feed the cattle 
extra days with the old stock? How loitg did it take them to use up the 

saving? (questions leading the solver to isolate the basic connections > 

% 5 

between the data) — did the course of solution become clear for them. 

Thus, the experiments showed that a task--pr©blem canndt be broken 
dowil independently by tfte method of analysis until the way to splv^ 
it *'^^clear. *The preliminary breakdown by- the method of analysis af 
a problem which is new for the pupils, done ir/class with the teacher *i 
help, clears up its essence only a little f pr ' the^upils , and doas not 
reveal sufficiently the course of solution*^ « 

Consequently, the metho d of gnalysis cannot be a methyd for pi^e- 
liminary breakdown of rather complex problems , task-problems . 

3' The Effect of Practice in Using Analysis 

The l^nvestigation showed that the method of analysis is undoubtedly 
difficult for pupils, / For this method to be mastered by the bulk of the 
pupils requires extens^lve,^ persistent , systematic work on it undgr the 



As a control, the preliminary breakdown of these problems was 
carried out in the third grade of the 183rd School and in » the fourth 
grade of the 69»h School, but by different methods. Tlie pupils had a. 
good understan(^lng of t^e\ essence of the problems, and even ttie weakest 
pupils solved them 'easily • i* 
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guidance x)f an exp'erienced teacher. The breakdown of problems by the 
melbiod of analysis demands much time, and therefore the nulnber of problems 
solved in class will be decreased/ At the same time, the method of ^ * ' 
analysis cannot be a method of preliminary' breakdown of rather ^compleic 
problems. Consequently / the method of analysl?. should be the final 
stage in\working on a problem, as a method of breaking down problems that 
have "b^en solved or that are solved edsily* . / • ' ' 

Let uS remember tliat a number of expert^ ^^kaikin [36]', Popova [32], 
. and others) who recognize the impossibility of preliminary breakdown by v. 
the me^t?hod of analysis of rather difficult problems sti,ll' consider^ the 
ailialJytic breakdown of solved problems or of easy problems extremely 
useful, A thorough analysis of the text^of a problem should prevent the 
pupils from superfluous syntheses and from slipping into i^iiechanical manipur 
lation of the data while searching for a solution, as students are inclined 

to do . • - ^ 

A special series of experiments was conducted to determine the - • 
influence of len^tl\y practice in ^'classical" analysis on the ability of 
pupils to so^ve' problems • » #" 

Rather complicate'd problems were given to pupils in classes where 
' quite a long time was spent pri practice in the ''classical" analysis of* . 
problems; these problems were to be solved without help, Helg was given 
only in extreme circumstances, when the pupil himself could no longer 
^continue the solution. For comparison, pupils^were takeiK<from classes 
where little attentioii was paid to the "classical/^* method of analysis. 

Only the best pupils were chosen as 3ubjects (theiJ^experiments were 
individual), since they would have mastered the method of analysis 
better than the others, ^nd it was the influence' of this mastery that was 
tQ be clarified. In ^ the "control'^classes , a^^^|^ only th^ best pupils 
were chosen^ (from seven to ten ^rom^each class). The experiment^ were 
conducted during th*e l^as^ quarter of the school year. 

In the third grades the following probleijif (No • 16) was assigned for 
the experiments:' * / , ' 

> ^ . . /■ 

Twenty-five members of an artel were supposed to make 
1,950* vases' per month according to the plan. In the first 
10 days each made 3 vases daily, .'and in the .remaining days 
each made ox^e vase more. By how many vases did the artel 
over^ulfill ^the plan, If it is known that in the first 10 
days they all made 75 vases dally, and 100 va^cs daily in 
the remalnin^days? ^ ^ • • ^ 



The problem is, a little unusual — :iatermediate dafia are included 
in it (75 vases and 'LOO vases), which could l?e obtained by. combining 
other data contained li^ the problem (25 *X 3;j 25 X 4) . Although the 
pupils were only slightly familiar with problems with superfluous ^data, 
^^l^e thought it possible to introduce such data as an experiAental task. 

By including ^hem, we hoped to clarify the pupils* ability to analyze 
•a problenf, to preserve- the logic of their reasoning without straying 
into superfluous, unproductive arithmetical operations, with superfluous 
syntheses. 

If a pupil is capable of analyzing, the problem, he should first 

explain ^he content of the data contained in it, and then, still i)efoi'e 

'solving , it, should ur^dierstand that 75 and 100 are derived, inteftnnediate 

,.data. In addition, the problem can be .solved 'iti- two ways — by using as 

an unknown either the data about the productivity of one worker (3 and 

f ' J 
4 vases) , or by using t^ic* data about* the productivity of the entire , * 

artel (75 and 100 vases); bjjt the second way will tie shorter and more 

rational,' (Tlie ability to analyz^ the te^ct of a problem should' also 

influence the choice of a more rational mt^ins of "Solution.) 

^ If we dist^d these intermedia^ data (75 and 100), we obtain an 

ordinary problem^ .which 's|Tould,not give any difficulty to third-grade 

pupils, especially those in the l^t quarter of the schopl year.' r 

How did the independent solution of this problem proceed- in the 

k i ^ 

third grade of the tocher S, in the 47th School, where/'c^ssicUl'' 

analysis had beeti studied for about two years? 

As an example, I shall introduce the record of the way ?.the^roblem 

was solved by'an excellent student, Dora K.; the'record was quite 

characteristic of the pupils' in this alass, * j 

« 

Dora: >• Ijow many did they make in 10 days? 

. - 3 X 10 = 30, vases. , » ' ' 

^ . ^ In 10 da/s they made 30 vas^s . * 

2. How many did each man make? ^ ^ 

' ' They made 1950.,.. ^ ^ * 

ExperimenterV^But they w€?r^ supposed to make 195^0- according 
, * to the plan; that was the pl^^ given to.fthem. 
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Dora: - Ten days.'. In the second question can fln4 



* , out how maay still ha4 to be made b^ore they 
fulfilled the ^ySSts, » ' , ' / 



J *. • * ♦*i1l50 -*.30 - 1920 vases . . ♦ ' 

* -3^. How many dfd^ they t^r^ c\xp^ixi 10 Hays, if they 

; ^ ' \ overfulfilled thk^?fi? y ^ . ^ 

^ • 10 - 750 va*es/ 

' ^ . .4.^ How many did 'they ma^^^^ltogether? ^ how 

- Wny'more, whBn thlByVov^rfulf illed the plajx? 

Exi^erimeut^er : Who •made 3 vases? ^ - , > 

Dora: Tliis was Osie man who made- 3 vases,.»*75 Is also oue.*» ' 
Ko, in 10 days .... 

^The experimenter explained that all 25 men made 75 vases In one day, 
and suggested' she read the* problem morf attentively. Dora re-read the 

text and ^egan the solution with thie first questioft: ^ 

• / - ' * , ' 

*' L • > 

Dora: How many did they make on each of the remaining 

days? ' ^ > 

. ^ , • ' ^ ^ * \ 

« / 3 + 1 = 4 vases ;^ 4 vases every day. • 

Exp.:' This is all of them? v ^ 

Dora:,* O^^j^ ... no, each af them.^ ^ * ^ ^ 
2^ How many did they* make in 10 ^aysV 
, ' 4 X 10 = 40 vases. 

^Exp.: For 10 days each of them made 3.' (Dora corrected: 
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3 X 10 -*30 vases.) 
• * 

Dora: How many did they mal^e in the remaining 4ays 

at 4 p^er day? But over how many days is not 
known . • . ^ ^\ ' 

» / ■ *• 

Exp.: What ±3 known about the time? 
^ I ^ 

Dora: It's not stated h^re, • : \^ 

Exp,: In how much time should the^ have fulfilled the plai^' 

' ♦ y 

/ 

Doira: It*s not stated \\eT^^ (Began repeating the problem.) 
In a month. 

Exp.: Which, is how many days? 

Dora: Thirty. . ' ^ 



The experimenter^ explained that there are 26 working^ daj^s in 
a nionth. . ^ ' ' . * ' 

^ Dora wxot^J|||26 10 * .16 days* ' . . . ' - ^ ' 

n\aiiy did- they 'tiiake in the remaining daysj^ 
* 16 days.; . , / ' * ' 

4 X 16 t..: no, 16^T 4/ » * w 

Tlfere ±§ no senaS" in giting the e;itire;racord — Dor^*s course .of 
' ■ ^ ' . ' • . . . - . 

solution is clear : • It .Is the Mechanical ^manipulation of dataj in which 

the weakness of the analys^is ^undoubtedly shows • ' , 

; . * This primarily . indicates ^ only sligUt ' attention ^t^ the text of the 

problenr. After having re-read*ttia ptoblem, ^Doira continued; .fo operate 

with the da 6a she had selected on a, first 'reading, yithout .attempting 

to verify 'the correctness of jiei*tt>perations Cby re-^-rfe^ding the probl^J^, 

and she returned to the text only after being directly instructed ^to by 

the experimenter. 



She showed a weakness in the analysis of data , in the '.process of 
which the content of the data should have been ascertained. The essentials 
features should have been' isolated to serv^ as a basis for indicating 
connections between them for the "synthesis. Dora did not alwa^a^-itsolate 
precisely the* data contained in the problem. .She sometimes ^jdssed words . 
related to one datum, and ^ then the significance of these data were 
distorted. Thus, it is ^ated in the problem that "el^ch made 3 vases 
daily.** Dora missed this ^'each*' and considered 3 vases as the output 
of the entire artel (perhaps because the entire artel iiad been referred 
to earlier in the problem). "In 10 days they made 30 vases," she said. 

Later on, she missed the indiMition that "they all made 75 vases 
dally" and considered the 75 vases as the output of one worker C'75 is 
also one") . ^ 

It is interesting to note tfiat the datum about the working period 
("per month") was ypot expressed numerically, and Dora did not isolate- f 
it at the start; euen after a re-reading she continued to assert that 
nothing was known about the time* - ^ ^ f 

No data were Qonsidered from the standpoint of theii? real signifi- 
canceand the specific quantities of the aritlimetical data.. In 
asserting tliat the entire artel (25 men) made 3 v^ses in a day, Dora 
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was^not bothered by this, low productivity, even wken 'she knew that the 
•monthly plaa w^s for 1,950 vases (she &ubt;i?1fcted the 30'^whic;h' the^ did 

in 10 d^ys'Sfrom 1,^950 in order to find'out !^vr mAny^'-s.till had* to/be,^ 

• ' < "... - ' 

•made .before they fulfilled the pl^in.") • . ' ' . ^ 0 ' 

^ She analysis of- the data assumed tixat these significant features 

will be isolated, to serve as a ba8i,s f©r determining relationships * 

between th^ data, and tKus it assumes a' ,cQiaparison of the data.- jit wafe 

this comparison which Dora lacked — she^ regarded' the 'data aS^more^or less 

isolated from one another, -Therefore she Mid Tfbi jiotipe^he derivative* 

* character Che data about the daily prodliotivlt;y^ of tihe entire/artel - 

It' . > ' 

'^"75 and 100 vases) and^^she operated 'with the^e (fata "alongside ^the^at^, 

on t;he productivity of one worker; -without setti^ up connections between 

" then;. She found *,the productivity of the '^tire artel ^t .the start by 

this means: 4 X 16'- 6^; 64 X 25 *- 1600'vasfs; but liter', multiplying 

100 by 16, she failed to see the significance of the^e'^'two 4ata: 

The analysis of functional relationships was also weak here. Ifi sych 

analysis, the relationship between- the data should be Vevealed and those 

^ - • * ' .6 ' • * 

principles on the basis of which the productive ^yntheais can be realized 

should be isolated, yrequently* Dora, having det^rmin^ tH^JcOnnecjiion \ 

between certain data and' having carried out an ai;ithmetical op^ation, 

did, not isolate the principle, underlying th^ operation. Thereforve she 

sometimes did arithmetical operations thlBfi^ti ^ot , correspond to 'the ^ 



question .she had pp^ed, slipping easily ant;p , us fiag another , H^ing asked 
' the question — "How many vases did they make on the remaining days at 
lod Vases per day?'*-- she divided 750 by 100, and then, obviously 
understanding that this operation was impossible, she tried to divide by 
10, and only the experimenter's question guided her to the proper 
* operation. Later she multiplied 4 by 16, then immediately 'changed and 
wanted to divide 16 by 4 ^ Tlie direc tion of the analysis^ tytfax48^ fdndlng 
the unknown was not displayed h^re either. Dora had forgo^en what the 
problem asked and, liaying determined the output of the artel fo,r 16 days, 
considered the solution completed. '^Tliat^s all,'' shB announced to^ the 
experimenter. 



^By productive synthesis we mean the determination of those relation- 
ships which bring us i^arer to finding the unknown • 
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' " . '• ■ ■ ■ • ■ . , ■ 

Dora, who was oue of the Jjeatf pupils in the' class, had mastered 
completely the method of "classical" analysis (we- had confirmed , this ^ " 
in the individual experiments).' She solved apd analysed problems easily, 
as they had been analyzed in class. llpwfeVer, in sdlvic^ problems which 
were somewhat different from, those selected in class, as we saw, she 
revealad a weakne'^s of genuine analysis of ihe'text of a problem and 
edsily slipped irito the mo):e or legs random com^hation of data. 

The peculiarities noted'in Dora K,*s independent solution of/task- 
problems wer^ also prese^it to some extent in the* other pupils "^in* this 
class. ^ y ' ' ' ^ 

/ Here is the solution of the same problem by the bestspupil, Galya ^ 
Z. ,She also believed the 30 (i.e., 3 X 10) and 64 (i.e., 4 X 16) vases 
• were made by "them," i.e., the entire artel of 25 men. She thought that ^ 
7^0 vases (75 X 10) was the output of the entire artel in a mot^th, and 
it did not trouble her thpt the same artel -made 1600 vases in 16 days — 
she did not correlate, or compare the concrete values of these data. 

Later Galya found how many vases the artel^made in all (750 + 1600 ■ 
2350 vases) and did not understand the period in which this was done.. 
Later she decided that 2350 vases was the plan which was given to the 
artel and attempted to answer t^e question of the problem — by how many 
vases did the artel overfulfill the plan? — by the following operation: 
2350 - 94 (i.e., 30 4- 64) . • ^ ' ^ / , 

, When the experimenter asked, "What was the number required by the 
plan?'' she quickly answered, *1950 vases J' Consequently, she remembered 
this quantity, but in the solution" *she had clianged it Into another, the 
one which she obtained when the question abqyt overfulfilling the plmx 
was posed (this was a datum obtained in solving the preceding question, j 
and Galya included in the solution of the next question) . Only with 
questions from the experimenter, directed at ^clarifying the significance 
of individual data, their content, and the pi;4.nciples connecting them, 
-Galya solve the problem. 

Another pupil "^who was makin^g normal progress, T^nya G», after having 
determined how many vases one'^man made in 10 days (30),^still stubbornly 
tried to add 30 to 75 (75 vases was the output of the entire artel in one 
day), and then she thought she would be able, to find out ''how many they ' 
made In 10 days . " ' 
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Ma^y similar * examples are ^ound in* the recprds of the solution of • 
this *^Qblem by the other pupils in this class. , 

But^ perhaps the somewhat unusual texp of the prpblem is*the re^soi* 
for vaguely realized course of solution^that many pupijs in this - 
class followed • ^rhaps the problem wou'l^^have been too difficult for 
third-grade pupils anyway • How would this problem b^ solv^4 with pupils 
in a different class? . * * . ^ ^ " 

For a control and for comparison, analpgous experiments were 'carried 
out' with' thifd-grad^ ^pupils in the 172nd School (taught by Miss P.)»' 
Where '*classic^l analysis**^ had occupied a Tery modest place, • 

;As the experiments showed, 'the poo^r pujJils as well as the good ones 
in this class coped' with the prj;:/tlem. . Out of ^ good pupils (4 with "5** 
r and 3 with as' grades ifi i^ylthmetic) , only one attempted .to multiply 
75 by 25 immediately, aad a;4uestioxi from the experimenter (What does 7.5 
vases indicate?) was :|^equ^lred for her to give up the false operation, 
and then her solutio)^ was perfectly correct. 

* Several incorrect operations wefe observed in ^hrea good pupils, 
but they immediately corrected themselves, indicating precisely where 
they had gone astray^. ^ 

Two weaker pupils (with ''3" ';^s grades) were enlisted for the experi- 
ments in this class. * They tur^iied out to be more predisposed to a success 
ful operation- On^ of them attempted to mylttply 100 by 25, and believed 
that *she had to find the productivity for- 36 (26 10) days, but the ^ 
experimenter ^s question (Wliat do these data Indicate?) quickly led her 
t^th4 correct way to solve the problenu The second made similar mistake 

Tlie iaitial period of these pupils* work on the problem merits 
attention. All of them re-read the problem more than once, then repeated 
it'^'iinder their breath, re-read the phrases about the output of one 
worker in one day (3 vases) and of. all the workers in one day (75 and. 100 
vases)/ During the solution, the experimenter asked the following 
questions: "WliaL is bothering y^u in problem?'' *Vhat prevented you 

from starting the solution?" and always received a clear answer. 

''Here they speak of ^3 vases, and at the -end, of 75.,. This Is 75 vase 
£^de .by all of them together, right?" saW'^alya L. 



^Hore details about the operation of this class will be given 
below.. 
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*'I'waated to multiply 3 by 25, » but then* I saw that this was 
already known," answered Zheny a "k. . * * 

*The other pupils, gave similar -ansv^ers . . 
• • It is completely characteristic that ouly one of the pupils started 
•the soltition with an Explanation of hpw many vases were made by o^e 
wbrker"*in 10' days (3 X IO) taking the ^ess ratiotial way - but ^hen 
reconsidered an4 solved the problem by the more econpmical means. . 
However, after the solutiorT^^ll the pupils (except one) indicated this 
less, rational but entirely pos\it)l^ method of solution (3 X 10 « 30; 
30 X 25 « 750 vases, in place of 75 X ID). 9ne good pupil took> a more , 
original cdurse: She fo^inS ho\f many vases t^e attel had left, to make 
to' fulfil the-plan after the first 10 days,' how many days the artel 
» took to fulfil the whole plan, and then 4iow many vases^^they made in the' 
remaining days of the month. . ^ ^ , ' 

The datum about time ("per month^*), not expressed numerically , "was 
^ isolated by all the pupils, and before the^ solutiotT^^they ordllnarily 

asked: "Is a month 30 days?" and some of thea sa:^d themselves: '*They 
//worked 26 days," ' ' ' * f 

The entire course of solution of this problem showecT^irfeftt the pupil 
had ^ been taught to a^nalyze the text of thfe problem carefully anc/ to be 
guided by this ai\alysis(^jn their solution, - ' . 

In order to demojistrate more clearly the difference in the^process 
of independent solution of the taek-problems by the pupils in both 
classes, we shall introduce some quantitative data* 

It is very difficult to carry out the process of solution in the 
' language of numbers. What should be chosen" as indices? Two indices 
were chosen: the number of ''si/perf luous syntheses" and the ' number of 
"mistakes in analysis." With a thorough analysis of the data and of ^ 
their functional interrelationships, the solver will not carry out 
"superfluous syntheses'" --^ operations that are not required for determin- 
ing the value of the unknown. A great mapy "superfluous syuthesesH indl 
cate a wealcness in the analysis of the problem. " / 

^s a second, supplementary, Index, the number of "mistakes in 
analysis^ was chpsenl These mistakes occur as a result of a partial 
composite 'aftalysis. 'The solver isolates individual data from the proble 
rejecting a number of descriptive words, and thus the significance of a 
datum is distorted, which entails an incorrect solution. Let us remembe 
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Dora K.*^ method of solutioii'. \She is^^te^ these data from tlje prob^eiir: 
3 vases'^ and 75 vas^s, and operatedy^th them a6 if they signified the 
same .thing (this vas 'Vhat theyy^de"), although 3 vases is the output 'of 
pne worker and 75 is the outndt of all *25 wdrkers, 

" -This type of mistake ji<fe called W 'Snistak^ in analysis*" The greater 
their number, the we^kgr the analysis of the problem's text* 

Jhe number of "^perfliious syntheses" by pupils who had stxidied 
"classical" ariajly^ fox a long tinie (grdde 3B of^the 47th Scfibol) and 
the pupils in tKe control class, wher^ little attention was paid to 
^ this method j^adg 3B oi^ the 172nd School) , is shown in Table 

/ • TABLE 3 . * 

ftribution of the Number -of "Supei:fluous' Syntheses" in ^ 
"^Indeperident Solution of the EJfp^rlmental' Prot^lfem, * ^ ' 



dumber of "super-- 
fiuous syntheses" 0 



1-^ 3% 5-6 7-8 9^10 11-15 I6726 Total 



Grades : • 

' SB of the 47th 
School, No. of 
Pupils : ^ 

3B of the 172nd 
School, No. of 
Pupils: * 



lir 



^^The^'number 111 shows how many "superfluous syntheses" were made by , 
7 -ptipils in the given class. That is, the seven students made 8, 10, 12,- 
15, 17, 23, and 26 "superfluous syntheses," respectively, making 111 
in all. ^ > ' ' # ^ / . 

'The'indiqes for 7 good pupils in each class are included in the . 
, table. We see that of 7 pupils in the teacher S.'s class, where the 
"^lassiaal" method of analysis of problems was studied regularly, not one 
.^giolved the problem without unproductive operations. Two pupils showed 
j|'a large number of this type of synthesis (from 7 to 10) , and three pupils . 

showed even mdre than 17. - Altogether, the seven pupils in thi?i class 
' made 111 superfluous syntheses. 
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C ' The large hi^mber of superfluous syntheses is evidence that these 
pupils looked f^jr the solution. mainly by the method of mechanical "toariipu- 
latioir the numerical data, and is indicates weakness ^in analyzing 
the concrete' text of the problem. * \ \ ♦ ^ ' 

We see something else in the control class. Ifiree 'pupils immediately 
solved the problem'^correctly^ and four carried out one or two' super- 
fluous syntheses Cslx for all fouj/ puplfs) . 'ihe^e data indicate the 

ability of th^ teacher P, 's pupils to construct their solution on the, 

* ^ ' * 
basis of a thorough aWlysis of the text of • the .problem. ' . 

The number of "mistakes in analysis^' is shown in 'Table 4, which 

substantiates the samfc conclusion: In 'the class w^ere much attention%was ' 

, given to the method of ai^lysis,< the pui5ils sho^^, little ^bility to 
analyze the co&ete data of the prcrblfem. Thet appears^' much less well 
prepared for independent analysis ^(and consequently for solving) of 

^ problems than the pupils in the class where ^^very limited pla^e Vas 

devotee^ to this methpd. 
% 

, , . . ^ TABLE 4 '^^^^ 

Distribution of the Number of^' "Mistaken Analyses' in the 



" ' Solution of the Experimental Problem 

! 

^ ^ — _ — i ■« ■ — • — — ' " " " 


V 

"Mistaken 






0 ^ 1-2 ■ 5-7 . 7- 


Totaf 


analyses^* 






Gradei: • 






3B, 47th School 
No, of pupils: 


J 

11-5 




3B, 172nd School 






No, of pupils : 


• 6 2 


2 




C ^ ^ 





^The nuSier of. mistaken analyses made by each of the seven students 
was 2, 4, -7, 7, 8, 8v /and 8, respectively.' , 

The question arises quite naturally: Will the same features of 
•independent solution of task-problems show up with pupils in other 
classes where much time is spent studying the "classical" method of 
analyzing problems? To clarify . this , analogous experiments were carried^ 
out >.n two more schools— the 64th and the 69th: Lef us recall that the 

I 
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pupils grade 4B of the 64th'*Schoo^ (teacher* G.) studied "classical" 

analysis 'systema^tically ^ beginning with the second year of study. Grade 

4B of the 69th School .(teacher E.) was tkken as a^^yfilontrol; no particular 

• 8 

attention was p^id to th^ "classical" metl^od of, analysis in it. 
■ > TJie following probleiq assigned or indepei;4^ent solution: 

^ ' \ , ' ■ 

One worker saved 696 rubles e^ery year. His older ^ 

brother started woin^" at the same factory after 14 mont^?, , / 

and after 28 months he had accumulatfid a^ much as 'his- 

' brother h^d done frolti the beginning. Hoj^?* many ruble^ 

dicf his brother save yearly? ' [5] / ^ ' • 

This^proble^ was*a little new ^ox them^j^ but, ^its r only difficulty was 
to detsnnine the lengthy of -wo jrk of the first worker: he* Wbrked 14 months 
before his brother came: and, 28 months together with'lx^ before their 
respective savings were equal'. An expression of thi£ ti^6 (year^-y) is 
indicated in the problem, but it is not expi;essed numerically, Tlje 
following question was given to tHe pupils to avoid misunder^>^anding of 
the term: '.''Yearly — how tteny months is that?*' (The questii^ was adl^d 
b^ore the solution. ) • * • 

^ Only the best- pupils were enlisted for the experiment, as was the 
case ^with ^the preceding (again 10 pupils). 

Let us^ select one of the records, of solution of this problem by a 
pupil In grade 4B of the 64th School, Petya . 

Having re^d th^ problem, Petya began alertly; ^ > 

**We cannot find how much money the older brother laid : 
aside yearly: ^or this we^fcust know ... how ^any more months 
the older brother worked than the young*.." (the aim at an 
analytic breakdown did not^ come easily).. # 



/ 

^ . **May I... simply solve the problem first?** Petya asked, 

tilen, with permission, he began the solution: , * 

l( 28 - 14 = 14 tnonths — th^s is the length of , time the 
laborer w/Drked.^ * 4 

2. How many rubles did the laborer receive in 1 month? 

696,: 14 = ...(he fried to divide) * 

• ^ It doesn't^ come out! And if I multiply 696 ,X 14? (And he 
began to multiply). 

. 

8 

Teacher E Is considered a good teacher, of which there afe many 
Ih any of our schools. 

• v.; ■ 
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Exp: •After what period of time did the labor^a|. set'^agld^ 
696 rubles?^ * . * \ 



) 



Petya: After 14 months! 

Exp.^: '^Read niore carefully • | * 

Petya ;^ (Re-read tSe problem) That is y^atly.^ 

^ExpT: That is, after wha-t period? 



Pe^^: After 12 months. 696^ 12 « 58 rubles. How m^h in' 
each ^onth — 58 1-^ 14 - . . . A ' 

Exp - : ■ fead the problem- ' , ' 

Petya: (Re^ad and wrotQ in silence) 28 H--14 - 42... ^ 



i 



^ '5^ -^42 *^6; 696 ^ 16./r 

And tihen?* ' \. :. ^l-""> 

What one obfains by dT^viding by 28. 

No, not like that. 

1^ ^ 



Exp . : 
Petya: 
Exp-. 

Petya: (again Vn silence)- * ^ 

16 - .14 * 2; 696 T 2 - 348.:. *i48 ^ IZf - .•. 

(and he attempte4 to divide). It doesn^t come 
^ lout!- Dividing by 28 will work? i 



. Tliere is no sense in citing the c^(r0eoY^he solution any sponger; 
it proceeds in the same way, wit^h questions from the experimenter (How 
many month^ did the first laborer work? How much money^id he save in 
^ this period?)' re-directing Petya's thought? into the proper channel. 

^ / "We had befire us a clear model of searching^or the solution by the 

method of trial and error, manipulation of the numerical data, 
whiqh 'doubtless shows weakness in t)ie ana3^sis of the d^ta and of their 
* functic^l** interrelationships . 

.fatya* first flicked the numerical expressions of the data (696 rubles,. 
14 months, 28 months)^ out of the problem, ignoring the phrases describing 
these data, and thus the data turned out to be inadequte for the situation 
*^^'tthis is a partial complex analysis). He did not single' out the datum 
Monthly, not expressed numerically, but 596 was, to him, a sum which 
the worker "received" and did not save, in 14 months. 

Having isolated the numerical data, Petya began to manipulate them, 
not isolating accurately the pri«aciples that connect them with each other. 
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it w^s impossible to carry out an opera^tion (14 does not divioe, 696 ^ 

evenly), Petya easily slipped into anotharf one ("And if we- mult^iply 696 

by 14?") • He subWacted 42 months from 58 rubles ^nd divided 696, ^>y 

the results He even stopped ^askin^ questions about tjie operations he 

cax^ried out. / ^ ^ \ 

The entire process of solutioij shbws an extremely low^ level of » i? 

analysis of^ the concrete Xext of thre pYptjlem. 

• Was this the only such method of, solution^ Alas, no! '.True, it was 0^ 

the clearest example of lcJokJ.ng for the 3oiuticfh by the method o^ blind 

trial/and ertor, btt 6 -pupils (out o^. 7 who did not. solve the fjroblem 

alone) slaJWed analogous transitions to this method when difficulties ' 

^rose In H:he solution. • , 

There were also mistakes in the solutions .of 'two other pupils 

> (696' V 14; 58 X 14, and^ot.X 42, among others), but when they obtained 
t 

a result, they made precise exactly what they had obtained, compared it 
with the other, data and they themselves detected the mistake in their 
operations • 

r 

Their approach to the solution was close to the one characteristic 
of the pu{>ils in the control class-<4B, 69th 'School) . For ^hem, ^more 
lengthy and more c^^ef ul work on the text of the problem was characteristic 
They read it several times, and in difficulty returned by themselves to a 
repeated reading* When fihey received a new datum as a result of an 
^arithmetical operation, thef made iti significance precise, and compared 
it with wha"^ had already Been obtained", which allowed them to detect 
more easily the mistakes the^ had sometimes made, .Even in error, they 
did not transfer to the level '<>f simple manipulation of the numerical 
data. 

* * 

I introduce a segment from the j^cord of the soluticfn of the j«:^blem 

by Vanya D., for whom the problem was more difficult than for the rest. 
He did not isolate the word **y^arly'' as a datum and decided that 696 
rubles was accumulated in 14 months. He explained how many rubles the 
laborer saved in one .month and, after making an error, divided 696 by ^ 
14 and then multiplied the result by ^8 (i*e., did not understand the 
period of time the younger' brother worked) . * if 

Exp.: After how many months d^ UgsCTorker save 696 rubles? 
%anya: After 14 taonths. r • t 



, Exp. : Read it T 
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Vanya (reads): Ah! Yearly L 12 months, and he worked 14 motiths^ 

^ Exp.: How long did this laborer^ work? ^ * ' " 

Vanya: ...14, ...no, 12 and 14 mon*ths. 

Exp.; ' And how ^^ng d^d his tlder brother, work? ^ 

^anyai^tteading the' entire problem) ^2^ months, and then 14 
and 28 months — 42 monttis . ' ■ ^ 

42 V 12 a|d that many t'imes ^t 696 rubles ^No , better 
to do it 696 V 12 58^ and then 58 X 42 2436.... 
■r ' 

And he continued to solve it correctly to the end. 

At first we see gross mistakes with this pupil, showliig,an in- ^ 

suffic^-ent Analysis of the pr^jblem, as a result of whict^ "superfluous 

- • * ^ - f 

syntheses*^ appeared in his solution. But .here^ there isjao mechanical 

manipulation of numbers: T|ie arithmetical operations he performed 
proceed' from his understanding of the data.^ If 6^6 rubles was regarded 
as a^sum accumulated over 14 months, he correctly turned to division to 
find out the monthly saving. He .wanted to divide 42^y 12, in order 
therv to determine the sum accumul^ed by the laborer after 24 months • 
'Ais is a mistaken operation, but only because 42 is not divisible by 
12, and Van^ ^imself easily found a different course of solution. 

/n order to^compare more easily the results of independent solutioi;i( 
of the problem by pupils in the class with the ' "classical" analysis and in 
the control class, where not much attention was given to the "classical" 
analysis, as we did last time', we turn to quantitative data — to the^ 
number of "superfluous syntheses" and Mistaken analyses** made by the 
subjects in both classes (see Table 5) • We see that although the 
difference between the classes is not as marked as it was with the 47th 
and 127th Schools, the nature of the correspondi^ data is exactly the 
same . 

In the class with the "classical" analysis, half tiie examinees (5 / 
out of 10) made more than 8 superfluous syntheses while searching for a 
solution* In all, in this class, there were almost twice as many 
unproductive superfluous syntheses and "mistaken analyses" as in the 
contfol class. Thus, the experiments did not confirm the opinion'"of 



many experts that lengthy practice on "classical" ar^lysis will have a 
good influence on problem solving. 
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• , . , . ♦ . TABLE 5 

$ Number of "Superfluous Syntheses'" and "Mistaken Analyses" 
in Independent Solution of Problems ^ 



(10 pupils ^tested in each class) 



No* of Superfluous syntheses 



3^ 



No 



Jtistaken^ analyses 

. P ^ 4 



Grades 0 1-^2 3-4 5-6 7-8 9-10 11~1§ Tt^al 0 1-2 3-4 5-6 7-8 ; Total 



4B .64 th' 
School 1 

4B 69th 
School 1 



1, 



76' 



40* 



1 1^2 



1 4 



45 



- ^ 23 



^The nmnber of "superfluous syntheses" for each student in the ' 
respective classes were; ' ^ 

tB 64th School: 0, 1, 4, 5,^, 10, 10, 11, 16 • ^/ 

B 69th Scho<)l: 0, 1, 2, 2, 4, 5, 6, 6,7,7 

Thus g^lving totals of 76 "superfluous syntheses" in the first and 40 in 
the second. « 

.Contrary to expectations, the students in those classes where much 
time was spent on classical analys^is showed less ability to analyze the 
text of a problem and, in general to be g.uided by analysis while looking 
Wr a solution of a somewhat complicated (for fhem) problem, during an 
independent solution. A sliRht 'trend to analyze the concrete condition 
was very characteristic for them. ..Having Isolated the numerical data 
from the problem, they rushed to begin operating with these data, carrying 
out many unproductive, superfluous operations, which'' shows that they are 
pooriy oriented toward salving the basic question of a problem — finding 
the unknown. ^ , ' . 

The ''classical " method of analysis does not teach the productive 
' analysis o^ the text of the problem— such is the slightly paradoxical 
conclusion to be drawn from the data. 

Long practice in "classical" analysis turns out to have a negative 
influence on the pupils' ability to splve problems. 
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4. ^Longjjjpn' Effects T^ractlce " In Usln^ Jbialysls . ^ 



• How Is let^Wrworls^^Qn'the "cla&isit^al^Vmeth^ of analyiis oi 
problems roj^lected in t^pug^la.^ lacSTworK? ^Wh^i^iff iculties • a_ _ 
mqt, is there ^he^ same ea^se* in '^ansition to^ mapipulation of the - ^ . 
niimer4-cal data as appeared in elemelitftry-ischool pupils who sto^diecT the * 
-method of analysis for a^long time? > ' * * -r . 

. ' In order to clarify this, eJcperitaents were ^done -V^th pupils ih the 
*sixth grJide of the^ ^ts^h School, former pupils of^the teacher S» (gfade ^ 
4B^^ For three ye^rs (gfad^s 2,-4, incluSive^,'#S .» ^ad tauj^fe^ t^e6e ^ 
pupils to 'break 'down problems by the "classic^l-^'*^ method^ of a^;ialysis-^' 



1^ 

are \ , v 



* During final exams in f ourth^gr;^de, accoirdiii^ to tfe^rta by the principal^ 
^ of the lower foiyns of t^e school and by^t^e ^thoddlofeist from-bie: ,^ 
Institute for Teacher Improvement, her pupils pleased "the omlool^Brs -by 
their ability to carry out "classical^ analysis of the problems 'assigned . j 

Parallel witH this class, gr^de 4C fpr four yea^rs (iij primary schpol) 

^ had been in the hands of ayquit^ experienced teacher, who did not, howeyer, 

devote much attention to tfxe m^ho^ of a^jaly^ls^ ' # ^ W 

Thus, ^t the promoAon into the fiftli grad^ we had two classes (B Jnd ^ '* 

• C); intone an experienced, teacher hkd spent much tiipe teaching the 

f ' * 

"classical" method of analysis of problems, and in the other the pupils ^ ) 

'had little practice in the breakdown of problems- by this method.. Teac^her * 

T. taught both of these classes in middle school; she did a£)t Usually "use 

the method of "classical" analysis,^ Well organi2edv^>iiidi4^ioiis^ 

mastered the primary school curriculum thoroughly, class B (S»'s pupdrls)^ 

^ was considered the beat of the fifth, then of., the $ixth grades. Howe\eerf, 

in- solving mfi^e complex problems, where data were to be regarded in a , 

slightly new waVi where "gumption" was needed, as the teacher said, the 

Ik 

advantage was with the other class (C) . The teacher noped with surprise 

that working on mathematics with class B was more difficult for her than 
< It 

with the parallel class, althougl^ its pupils knew the rules more soundly, 

calculated more quickly, and solved models problems with considerable 

'9 

ease. ^ ^ 



9 ^ 

The instructors in other disciplines considerexi class B €o be 

better. 
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• / indicated, the experiments^ were carried out when the pupils were 

^n the sixth grade. Ten of the best pupils in mathematics were taken from 

each class. They were asked to solve a series of arithmetic problems 

without assistance (on the order of an individual. experiment) • The 

10 

problems we^ taken from a fourth-grade workbook, but ones were chosen 
that could present a certain difficulty fo^^ the^e ^pupils.NL.e,,. they 
were task-problems for them. 

'Since all the experimental problem^ (there w^re four) were* solved 
^n basically the same way, we can use as an example the solution. of 

Problem No. 12: ^ ^ ' - 

• 

^ • Two laborers earned the same amount ^of money. 'One; ♦ 

' , received 20 rubles per day,^ and the other 12 rubles per 

day. How manjT'dayi^did' each laborer work if 'ft is known 0 
" that* the second laborer worked 6 days longer than trie ^ , 

first? ^ ""Ij^'^' ^ 

The basic difficulty in solving this problem is in determining 
that the daily difference in wage (? rubles) will be coveted by the money 
earned by the second la||)rfer in 6 work-^days (i.e., 12 X 6 » 72 rubles; 
72 :- 8 « 9 days). For'the majority of pupils in both classes, dfefcermin- 
^ng this relationship was not very easy —many -had to search actively 
tox a way to solve this problem. ^ ^ 

As an example we shall take the redord of solution by Galya L. - 
(a pupil in grade 6B, which had extensive practice in "classical" 

( ■ ■ 

Having read the text, Galya immediately statted ( 
solving the problem: ^ 

^1. How much more did the second laborer earn in 1 day? 

^0-12-8 rubles.* 

2. How much money did each laboi?er earn in all? 

8 X 6 « 48 rubles . 

3. How many days did the first laborer work? 

48 : 12 = 4 days. 

How many days did the second laborer work? 
4 . . . 48 : 20 . . . 



analysis) : ^ 



"^^The numerical values of the data were somewhat simplified. 
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The second laborer, 8 rubles tnore and 6 days more 48. 
.••We found out how much each* laborer eAmed, the same amount 
of money, 48 rubles,..! can't say, but I understand .after 6 
days . . . — 48, after one day~8. . . 

Exp» : Why should the second worker have worked 6 extra 
^ days? 

>* • - 

Galya: ^ He earned less... 6 days extra. The other, 6 days 
earlieif than he did..,48 rubles,... 

Exp.: How many extra days did he work? 

Galya: Six. ' ^ 

Exp.: And lu>w much did he earn per day? 

♦ 

Galya: Twelve rubles... The first received more, but worked 
less,,. They started out the same... 

Exp.: The first finished his work, and the second worked 
6 days more, in order to receive the same amount., • 

Galya: 20 X 6 « 420 rubles, ; ^ ^ 

12 X 6 " 72 rubles, 

\ 

If the first worker worked 6 days more, he would 
have received 120 rubles, and the second — 72*.. 

Exp*: Thft second worked 6 extra days and earned 12 rubles 
each day, and earned 72 rubles in all on these 6 
daysi Why did he have to earn these extra 72 rubles? 

Galya: And how much would the first liave had to work for 
this money? ' ' » ^ 

■ 72 : 20. 

V ' I 

Exp.: Why? He didn^t have to work these days.. J The second 
wanted to get the same 'amount as the^ firsti. He worked 
together with the first for one day ^^u^rdceived 8 
rubles less, another day — again he received 8 rubles 
less, I 

Galya: And he was supposed to work 6 days in all. It comes 
out that he worked 6 days. 

Exp,: No, he worked 6 days more than the first. How much 

money did he earn on these 6 days? » ^ 

Galya: 48 rubles. * ^ 

Exp.: 12 rubles per day; in 6 days 72 rubles ^ 

Galya: Aha!.,. 72 rubles.. ,.72 8 • 9 ^iays. I understood that 
he earned 8 rubles per day. 
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Let us review the record of the foregoing ^olution. First it 
must be noted that th^re was little attention to the text of the problem 
itself. Having read through- the problem, ' Gailya' rushed to carry out the 
arithmetical operatiorfS, without turning^ to the 'text of- the problem uqless 
prompted by the experimenter, and without attempting to Verify whether 
her reasoning correspojided with, the data obtained* 

^ The .weakness oF\he analysis of the data and the functional , 

« 

connections between thelb shows up clearly in* the method of looking for a 
solution* The first question she apked was solved correctly* But then 
the deference of 8 rublea which she had just found entered in as the . 
compete wage of each worker. This re-thinking occurred, probably, under 
the influence of the problem's indication that the laborers received the 
same sum of money. Only this "same'-ness" was isolated, since the indi- 
cation relating to these data was ignored, and it was joined arbitrarily 
to other data C^ equally— S rubles each; equally~A8 rubles ea^h...''). 
The difference in the length of time worked (one worked 6 day^ more than 
the oj^r) she regaled the time the work took. Thus, particular 
complex analysis was characteristic i^f Galya. 

Even aftei? answering correcrtly the question of why the^ second 
worker had to work an extra 6 days, Galya could hot use ^the experimenter's 
direct hint — "6 extra days at 12 rubles per day**; -obviously, it did not 
evoke productive connections 4n her mind. The pupil finds the sum 
received in 6 days by each laborer, then tidies to divide 72 (li X 6) by 
20, and so forth, i.e., she carries out a series of arithmetical operations, 
not realizing and not isolating Wose principles underlying the operations. 
She looks for support in the numerical value of the data themselves, and 
not in the isolation of the essential meaning of these data or in con^par^ 
tng them to determine the relationships^ between them. 

If we compare Galya L.'s solution of the problem with the solution 
described above by the primary school pupils in those classes where much 
time was spent on ''classical" analysis, we can notice much in common. We 
se^ the same inattention to the breakdown of the Concrete problem, the 
same weakness of genuine analysis. As a result— a partial isolation of 
the' data not adequate for the conditions (a partial complex analysis), a 
tendency to combine them on the basis of superficial, sometimes arbitrary, 
significations, an attempt to cross over . to mechanical manipulation of 
the numerical values of .the data v^hen r^ifficulty arises (i.e., a synthesis 
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on the<4.evel of an elemental analysis) . 

Galya L. s solution of the problem, was very characteristic of other 
pupils in this class as wel^. For all of them a rapid synthesis on the 
level of a lower form of analysis was characteristic: Partial complex 
analysis, 'and under difficulties, elemental analysis as well. 

In the parallel class the pupils showed more ability to analyze the 
concrete text of thejproblem, and thus far fever **mistaken analyses" were 
found, as well as fewer unproductive operations. 

In order, to represent more clearly the difference between the grade 
where a good portion of the time was spent* on the analytic method (grade 
6B) and the grad^e where a modest place was deyoted to it (grade 6C) , we. 
turn to Table 6/ In it the number of pupils committing a certain number 
of superfluous operations and "mistaken analyses^* in their solution of 
Problem No. 12 is shown. 

TABLE 6 

Number of ''Superfluous Syntheses'^ and 'Mistaken Analyses" 
In th^ Solution of Problem No. 12 by Pupils In" 
Middle School 



Ik 






"Superfluous syntheses" 






"Mistaken analyses" 


Grades 


0 


1-2 3-4- 5-6 7-8 


Total 


0 


1-2 3-4 5-6 Total 


6B . 


2 


3 I 2 i 




4 


3 2 1 18 


6C . . . 


1 


11-- 


Is". . 


5 


5 - - 6 



Tlie number of "superfluous syntheses" by each respective pupil was: 

Grade 6B: 0, 0, 1, 1, 1, 4, 5, 6, 8, 8 
Grade 6C: 0, 1, 1, 1, 1, 1, 1, 2, 3, 4 

Ihus giving totals of 34 and 15 "superfluous syntheses" 

* We' see that in the class which paid much attention to "classical*^ 
analysis - (6B) , tht^re wera three times as many "mistaken analyses" as in 
the control class (6C) , and more than twice as many superfluous syntheses 
while 4 of the 10 pupils did 5-8 of these superfluous operations (which 
show efforts to find a solution by mechalbical manipulation of the numeric 
data) • 
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Tlius, the negative influence of thg "classical method'* of analysis 
on the pupils' ability to solve task-problems, where a less ordinary 
combination of the data is required, turns out to be very j^rsistent 
and appears even a year and a half after they have ceased studying it. 

5. 'The Effects of Analysis in Solving Geometry Problems 
Does this negative influence spread to the^ mastery of other mathe- 
matical disciplines^-in particular, to the solut^ion of geometric problems? 
Solving geometric problems demands great ability to axi^yze the, text of , 
the problem. Several authors of methods handbooks, as was noted above, 
assume that practice in "classical'* analysis of arithmetic problems 
should have a good effect on the mastery \of geometry. 

In order to clarify the effect af "classical" analysis on'tha^ * 
solution of gepmet«:y' problems, a new 'series of individual experiments 
was carried out. The piff)ils of grades* 6B and 6C (the 10 best rnathe- 
matics, pupils in each grade) were given four geometry problems for . ' 
independent solution, corresponding to the level of their knowledge. 

Let us take as an example the re^cord of the solution of the follow"- 
ing problem by one, of the pupils in grade 6^, Valya C.: 

An isosceles triangle ABC 
is given, The^ sjde AB is ■ extended 
upwards, and an arbitrary point D 
on it is joined wi|:h the point C. 
The perimeter of ^the triangle ADC 
^ ' is 55 cm, and the p-erimeter of 

the 'triangle DBC is 45 cm. Find 
AC. ^ ^ 

.Figure 34 was attached to the 
text. Valya C, having read the 
problem, wrote down the basic 
data: P (perimeter) ADC 55 cm; 
P DBC - 45 cm; AC - ? and started /\ 
the solution immediately: 
55 - 45 - 10 




Fig. 34 



There was a long pause. The experimenter ajsked what 
this 10 cm signifies. Another pause. . .Finally , Valya 
answered: ''This is the perimeter of. ADC, -No, it's AB + 
AC..., and BD + DC = 45 cm,, since 55 - 10 = 45 cm." 



'''^The texts'of the problems were approved by the teacher of these 
grades-. 
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she looked at the sketch for a long time and covered the 
triangle BCD with h^r hand. There was another pause»»»* 

The experimenter suggested reading through the problem 
agaijii. Valya read it and exclaimed: "It turns out that we 
have . to find AC, and I thought.it was AB! . • .55; . • 45.;** 
BD + DC -f BC - 45 AB + AC - 10.,." There was another 
pause » 

Exp.: Are you sure of that? 
Valya: Yes... 

Exp.: Write* down \«^hat the perimeters consist of. 
Valya wrote: 

AD 4- DC. + AC - 55 cm. 

BD + BC + DC » 45 cm. * 
Exp,: Now compare them. 
Valya: DC is the same in both of them. 
Exp.: What other conclusion can you draw? 
Vaiya: BD + BC^. . no, no. BC - 10. 
Exp.: Why? 

Valya: This I . . . AB + AC « 10. 

Exp.: No. Coinpare the peritneters. DC is the same in both 
triangles, and now compare the remaining elei&ents. 

Valya: AD - BD and BC. 

Exp.: Why? 

*Valya: Because AD is the side. 

Exp.: Think carefully! 

Valya: Because AD is the base. 

Exp.: Compare AB and BC, and look at the problem. 

Valya: Aha! AD « BD + BC, i.e. BD + AB...So, AC ^10 cm. 
Tlie problem was finally solved. 
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What is characteristic of this course of soluti^on? First, the 
« 

hesitation to study the text of the problem merits attention. Having 

read the problem, Valya inmediately isolated the numerical data and 

begins to operate with them. Actually oAy one operation is possible _ 

here: 55 - 45 * 10, since the length of a sride is recjuired, and the sum 

of the perimeters does not yiJeld anything here* Valya carried out the 

subtraction, and obtains the difference of 10 cA. However, what do ^the 

dat^ obtained signify? Valya tried^to see thjpr answer to this question 

> 

directly in the figure. She carried over the arithmetical operation 

done above to the figure: Mentally taking away DBC, she got the answer 10 cm 

— this is the perimeter of the triangle AIX!. 

Later she corrected herself — 10 cm is AB + AC, now taking away 

> 

the line BC with-the triangle BOG. Then Valya covered the triangle BDC 

with her hand, since the line BD appears covered, and again asserted that 

' AB -h AC 10 cm. Having included the side BD in one triangle, she could 

not Include it in the other, and could not switch over from one system of 

12 ... 

, connections to another. 

Valya was completely sure of her conclusioxls , drawn from direct 
visual observation. Thus, along with the weakness of the verbal-logical 
analysis, an over estimation of the visual image also occurred here* 

Valya sometimes did not cpmp^i^e th« data she had obtained with each 
other or with the problem and therefore she as&ertad that the perimeter ^ 
of the triangle ADC was equal to 10 cm,^l though in the text it is stated 
that it equals 55 cm. It did not bother her that the sum of the sides 
BD DC (45vcm) is 4 1/2 tirjies greater than the sum of the sides AB + AC 
(10 cm) . 

Valya was not always aware of tlie law on whose basis she drew a 
- conclusioil. For example, she asserted that BC equals 10 cm, and when 

asked why she thought so, she said, ''This I-^* and withdrew the conclusion. 
In drawing the correct conclusion that AD = BD BC, Valya based it on the 
fact that AD Is the pide or tiie base. Only with the help of the experi- 
menter did she substantiate her conclusion correctly. 

Thus, in solving geometry problems Valya C. showed the same weakness 
in analysis of the data and their functional interconnections as was 
characteristic of her solution of arithmetic problaeis. 



■^^The difficulty of this transition was also noted during the 
so^tion of aritlimetic problems. 
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We find analogous peculiarities, ^ sometimes even more ^learly 
•escpressed, with the other pupi\s in this^ class. Galya L, (whose solution 
• of an arithm^ic problem was * introduced abo^) , in finding the difference 

between the perimet<er& of the triafngles (lOsptd), began to fit the quantity 

^ ' \ 

obtained to different fcombinatTions of the dat^: ^**AB BC 10 cm... No, . 
"Bp + DC * 10 cm".. .Further on, she t-urned the '^^'tgure so that the line DC 



turned out on the bottom and asserted: "The .triaMl^ BDC is isosceles, 
BD and BC are equal, then AB is equal to BD, each 10 cm^ ^- 20 cm... 55 - 20 » 
35 cm/* and again she changed the position of the sketch; ^trying to find • 
the method of solution in it. ' ^ \^ ' 

Vera P. found that A ADC is isosceles, because **It^s drawn like that.'^ 
Zina S. also drew the same conclusion while looking at the jsketch. When 
the ^experimenter demanded another basis, Zina answered: *'AD\^ DC, since 
we extended AB with a straight line from the verteCc B to the po^nt D, 
and only one straight line may be drawn between two points whic\ in no 
way substantiates her conclusion. 

This overevaluation of the visual image, In direct conjunct ibn with ' 
* weak verbal^logical analysis, is very characteristic 9f pupils in this 
class, even good ones. 

In grade 6C the pupils also made mistaken reasonings, relying on 
aii insufficient analysis, and sometimes looked for the answer in the 
(direct visual image, in the figure. However, there were considerably 
' fewer of these attempts than in class B. 

To* show more graphically the difference between these classes, I 

introduce Table 7, which gives the number of mistaken deductions as a 

13 

result of weakness of the analytic process. 

Ik - ■ 



13 ^ 

Models of this type of reaBoning were introduced above, in 

the breakdown of the record of solving the geometry problem by pupils 
in class B. 
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TABLE 7 

The Number of False Conclusions Made by Pupils in 
Solving the Geometry Problem 



(Ten 'students were taken from each class) 


^•^s^^^^^ Number of False 
^^^^onclusions 

Grade: , ^""^"^s^ 


0 1-2 3-4 5^6 7-8' 


Total number 


• 

6G m f.m. • • •* » 


- 4 4 - 2 

5 4 • 1 . 


36^ 
10^ . 

^ • • — • - 



^The number of false conclusions made by the respective pupils iii 
each class was 

Class 6B': 1. 1, 2, 2, 3, 3, 4, 4, 8,\8 
Class 6C: 0, 0, 0, 0, 0, 1, 2, 2, 2, 3 

We see that in class C 4 pupils solved the problem completely 
correctly, and the remaining 6 pupils made only 10 false conclusions in 
all. In class B (where the pupils had studied "classical" analysis in , 
the past), all 10 of thelbest pupils, in solving tl\e experimental problem, 
made c^iite a few false cdnclusions while looking for'^T^lutlon, 3 1/2 
times more so than in clafes C, and not a single one of the pupils was 
able to solve the problem correctly at once* 

The significantly greater number of false conclusions in the pupils 

in class B shows a lower level c!pf analytic-'synthetic activity than in 

the pupils in the parallel class. Since the same teacher had taught tbem 

their middle schopl mathematics, this difference can be explained only 

by their habits of analysis of the concrete tejct of a problem' which they 

had acquired in the primary grades. 

As we see, tills series of experiments also supports the earlier 

f 

conclusion that lengthy practice in the breakdown of problems by' the > ^ 
method of analysis exerts a negative influence on the ability tq solve ■ 
more or, less complex problems unassisted. 
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TJius, the .investigatioci showed that: 

1) Tlie ^"classical" method of analysis cannot be a method of looking 
for a way to solve a task-problem. 
^ 2) Lengthy practice in the breakdown of Rroblems by the method of f 

4 

^'classical** analysis of problems that have ^already been solved or of . 
eaay problems, while it uses up much time and energy, exerts a negative 
influence on the elaboration of an ability to analyze the concrete text 
of a problem thoroughly, and holds the pupils back on a lower level of 
^analysis (partial complex analysis and elemental analysis); the influence 
is also adverse for, the solution of geometry problems, ^ ^ 

9 

6 . The Need jpr 'a_ Balance of Analysis and Synthesis 

• What can account for the fact that lengthy practice in the breakdown 

-of problems actually holds back the pupils on lower levels of analysis, 

that it actually influences very negatively their ability to solve more 

or less complex problems independently? The bas^c reason ^is "that this 

method is very artificial , and that it contradicts the natural mode of 

thought in solving problems (as many methodologists have so rightly 

pointed out). The thought process in solving problems is analytic- ■ 

synthetic. In it, analysis is closely intertwined with, and inseparable 

from, synthesis. Synthesis is carried out as soon as the bases for it 

^are isolated in the process of analysis ,1 The problem thus is 'simplified 

(as long as the number of simple problems entering ^ into the complex one 

is decreased), and this further simplifies the" subsequent analysis of 

th^ problem; analysis and synthesis always support one another. 

The ^'classical'^ method of analysis assumes that the processes of 
f 

analysis are isolated from the processes of synthesis. The solver is 
supposed to carry out a complete analysis at the start guided by the 
unknown, find a^l the necessary data for determining the unknown, and 
only then turn to synthe*sis .^^ Such 5n artificial isolation of the 
processes o^^malysis from those of synthesis cannot be fruitful. ^ 

Various concrete situations are described in problems, but" under- 
lying them are certain relationships^ known mathematical laws. Finding 
the way to solve a problem means discovering these laws and determining 
tlie relationships between the unknown and the data. 

Both the unknown and the data can be related to other data in 
various ways, and the unknown might be determined through a combination 
of different data. From all of these possible combinations of different 
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functional relationships, the pupils should chooee precisely those 
which "will correspond to reality" (Pavloy) —the text of the given 
problem— and those which will serve as a basis for determining the* 
value of the unknown. . C 

' The solver can make this selection correctly only if he is guided 
not only by the analysis of the unknown, but also by the 3?nalysis of 
each of the data contained in the condition. The analysis of the 
unknown cannot be divorced trom the analysis of the concrete data and 
the functional interconnections. 

Tlie traditional method of analysis, in transferring the center ^ 
of gravity to analysis of the unknown, separates the analysis of the 
unknown from the analysis of the data and distracts the attention from 
the analysis of the concrete data of the problem. The entire process - 
of reasoning proposed h\ the method of analysis is constructed not on 
operating with the concrete data of th^ problem, but on data abstracted 
by choice and still unknown in the problem, precisely those whose combi- 
nation rSSff^t give, in the opinion of t\ie solver, the value of the unknown. 
Only in the final steps of the reasoning does the solver arrive at the-^ 
known datai Naturally, the lengthy practice in the traditional analytic 
breakdown of problema develops skill\n constructing 'reasoning in iso- 
lation from the specific problem, whic\ leads to an under evaluation of 
analysis of the text of the problem. Hekce arise the numerous mistakes 
caused by a weakness of analysis of the d^ta and of their functional 
interrelatfonships . 

On the basis of the analysis of the unknown and of the concrete data 
of the problem, the solver should set up the possible relationships 
between them and choose the productive ones from' among them, the ones 
which will lead to finding the value of the unknown. While solving 
problems that §Te new for him, task-problems, a person is not in a posi- 
tion see^ immediately the entire course of solution. As nimierous 
psychological investigations have shown, a method of solving a problem 
Lb sought while constructing and verifying ^ordinarily by mental experi- 
ments) different hypotheses (propositions). The solver, guided by the 
analysis of the unknown and of tli^ data, plans the' method of solving the 
problem in his head and begins -lio carry It out. If he fails, he 
analyzes the mistakes, clarifies why the chosen metliod did not lead to 
the goal, and attempts to correct 'it, or else takes a different way. 
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Softetlmes he temporarily reconstructs problem, discards some datum, 

simplifying the determination of the necessary relationships between the 

14 ' ' 

data and the unknown. The creative work of thought, appears in* this 

construction and choice of possible courses of solution. Only while 

solving problems whose structure is familiar does the -solver not make a 

choice, determining in his memory the_ necessary relationships between 

the unknown and the data. Creative ^thought is minimized here. 

The analytic method of breaking, down problems excludes the factor 
of choice, presuming that the solver will immediately determine the 
necessary relationships and choose the data necessary for determining 
the unknown. Such a method of breakdown is possible only with problems 
whose structure is familiar and whose solution is made according to a 
palTtern. Problems which require that the;, data correspt)nd in a' slightly 
different way cannot be dismembered by the method of analysis before ' 
being solved (as confirmed by the experiments) . 

The method of analys^is does not teach the pupils to evaluate their 
proposition^ gritically, and this undoubtedly has a negative effect on 
the nature of independent problem solving (j^iey do not analyze their 
reasoning or their mistakes). ^ 

The method of analysis does not teach means which should simplify 
the analysis of the problem when difficulty arises. The pupils who ^ 
have difficulty in their s^ution and do not know metfliods for overcoming 
'it, as we saw, often turn to Unproductive mechanical manipulation of 
''the numerical data of the problem. 

Lengthy practice- in ''cla ssical " analysis, wasting time and effort, 
(and thus decreasing the number of pr<jblenis solved) , has a poor effect on 
the pupils' ability to solve problems and therefore should not have any 
place ill school . 

This does not mean that the '^classical method, of analysis in 
genera^ should be removed from school practice. Both the observations 
in the school and the data of the experiments ' showed that the method of 
analysis can be productive where and whan the knowledge of the functional 
relationships between the data need^ reinf orcment . For example, the 
pupils sho.uld learn that to determine speed one must know distance and 
time, and that if we know the speed, and the distance covered, we can 



""^^Oa helpful methods of analysis, see the next chapter., 
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det^rinl^e over what period of time a trip took place Without a sound 
knowledge of such fui;ctional ties between the data, the solution of more 
complex problems becomes impossible. 4. 

In solving more complex problems it is sometimes useful to turn to 
the partial analytic breakdown and remember what kind of combinations of 
the data might be used to determine the unknown, and^ further, to return 
to Searching for the method of solution by different methods. This is 
precisely how many adults behave while solving problems; this is also the 
way teachers act when they are dismembering the course of solution of a 
n^w problem with the children. 

With the older groups (grades 4 - 6) it is worthwhile for the 
teacher to acquaint the pupils with the breakdown of one or two problems 
by the method o^ ana^^ysis in order to show more clearly the logical 
necessity of the operations they have performed in the solution, without 
requiring this type of breakdown from the ^pupils themselves. 

However, the teacher should give primary attention to developing 
in the pupils the ability to analyze the concrete text of problems §nd 
to arming them with helpful methods which might simplify independent 
solution of rather difficult problems • 
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Chapter V 

PRODUCTIVE METHODS OF ANALYSIS AND SYNTHESIS 
1. Introduction » 

The terms ^'analysis" (as a thought process) and ^Wthod of analysis,*'' 
"synthesis'* and "method of synthesis" i>ave converged in the methodological 
literature; they are frequently used as synonyms; a discussion of the pro- 
cesses of analysis and synthesis frequently changes into a discussion of 
the m&thods of analysis and synthesis • Speaking of the difficulties, and 
sometimes of ^he inaccessibility of analysis for pupils, as opposed to. the 
accessibility of synthesis (meaning the methods) , the methodologists to 
some e^ent force teachers to underestimate -the processes of analysis. On 
the other hand, in quite justifiably emphasizing the value of analysis 
for solving problems, individual methodologists, as was indicated above, 
have exaggerated the role of the pethod of afnalysis in teaching problem 
solving. Our investigations have shown that this method cannot atxd should 
not occupy an important place in school. 'v** 

Does an underestimation of the processes of analysis then arise? 
Of course not. We have frequently emphasized that there is no synthesis 
without analysis, Tlie method of synthesis is not overestimated either. 
Although we have not done any special investigation of the value of the 
method of synthesis for the psychology of education, we are inclined to 
believe that this method should not be the leading one in school either, 
since it assumes some isolation of the. processes of analysis and synthesis. 
Any isolation of the processes of aralysis from those of synthesis is 
doomed to failure. Nowadays, we speak more and more of the analytic- 
synthetic method. ^1^ 

The solutioVi of even the' most elementary problem assumes separation 
of its text into , individual complexes and isolation of the relationships 
connecting the unknown with the data, i.6., an analysis. The results 
of the investigation of the peculiarities of problem solving by low 
achievers/ introduced at the beginning of this volume, show that a basic 
cause of their mistakes was their low level of analysis. A- partial com- . 
plex analysis or even an elemental analysis was typical for them. Conse- 
quently, to teach pupils to solve problems, one must teach them proper 
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means of analysis and the correct combination of analysis with synthesis. 

One can find a number, of productive methods of teaching problem solving 

• , r ^ 1 

described in the methodological literatuore, * 

The best teachers in our schools use the methodological heritage, 

reworking it creatively and developing it further, study of the experience 

of (the foremost teachers should, in turn, significantly er>rich the 

psychology of education and methods. I also turned to this fruitful source, 

in studying the most productive methods of t^a^ihing analysis and synthesis 

in solvin^^roblems , I have made only a few steps in this direction, 

2. Obs ervations of V. D. Fet rova^ s C lass 
The pupils of V. Petrova (172nd School, fourth grade) attracted- 
my attention. They showed (in individual experiments) an excellent 
ability to solve problems without assistance. The model for independent | 
solution of problems that were quite complex for, fourth grada was a pupil 
In this class, Valya K., who was mentioned in the first section of* this 
work. Her solution was detailed and well substantiated.. Valya^s style 
of problem breakdown was characteristic of both good pupils and average- 
pupils in this class. When difficulty arose, VTD. Petrova *s pupils 
returned to the text of the problem, reread it, and looked through the 
solution they had done. They corrected most of the errors they made by 
themselves. They weysable, in case of failure, to change the method of 
solution they were Using or to replace it by a new one. They could 
outlincj a different plan of solution for a single problem. All of this 
shows a high level of development of the analytic-synthetic activity for 
the piven grade. It should be noted that V. D. Petrova 's pupils did not 
lower their level of achievement, as so often happens. Of the 36 pupils 
(all were passed) in tlxe first quarter of tiie fifth grade, 11 received 
excellent marks in ^11 their subjects, 18 pupils ha^ 4's and 5's; and 7 
had 4^s and. 3'^. Tlie mathematics Instructor in the middle school mentioned 
the ability oi V. D. Pet rova ' h pupils to analyze the. text of problems that^ 
were nei^for them. 

Undoubtedly, the ability of these pupils to solve probl^s is deter- 
mined by their entire system of working. However, It is als^certain 

that their success in soJ vlng^probUMus^ largely depends on the correct 
« • 

• ■^A description and an evaluation of them can be found In the work of 
Menchinskaya [18]. . 
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means of analysis that they used» TW|se proper methods of working on 
^ 'problems^ and analyses of them is frequently instilled from the very 
beginning of instruction. 

I*observed V,^ D, ^etrova systematically while she was teaching 
probled solving during 1952-'1953 in t|ife .first grade. 'Ip this section 
' (to conform with the principal topic) I shall dwelL on the method she 
used in teaching first-grade pupilS" the methods 'of analysis' and synthesis 
•in solving problems. * 

Emphasi s on Readin g the Problem ' . 

Ihe work on the analysis of a problem begins with* reading it properly, 
with intonational expression, and in this procepis the first primary sepa^ 
ration of the text occurs as well as the isolation of the unknown and 
the individual data. V* Petrova' devotes much attention to this — 
she teachea^er pupils hov to read problems . 

From the beginning the teacher continually emphasizes that each wa«rd 
in the prob^lem, regardless of how small ±\ is, has its importance. It 
one changes "tiny little words''^ — "in" and "on" — the entire sen^e of 
the 'problem is changed. These small but very important words must be 
emphasized by intonation. V. D. Petrova makes the pupils vary their " 
intonation when they sep punctuation marks (paus^^ , to aid in breaking 
down the pjroblem into its component parts. She requires special expressive 
emphasis of the. problem's .question. All of these demands are mastered by 
the pupils, and they begin to dema'nd It of themselves and of their class- 
mates. A pupil read a problem: / 

"Ten aspen... logs were put* into a stove and-" 
She put in a pause which destroyed the logic, and the teacher 
immediately called her attention to this: "Wliere is the' 
comma?" she asked. 

"After the word *stove,'" an^jered the girl." 

"Then a voice pause^ should be there also," the teacher 
reminded her and demanded another. -rjeadiug with the correct 
intonation. 

The girl read: "Ten aspen logs were put into a stove, 

and six fewer bircli 16^ were put in than aspen. How many 

logs w^fe put Into the ^stove in all?" 
• ■ 

The teacher asjced the class wliat other mistakes this 
girl had made in reading. 
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Tlie pupils noticed: 

••she read the word'^than' poorly.'^ 

"She did not emphasize the word *fe*rer*V* 

^"She '^d not emphasize the numbcp..." ' ' ' 

The problem was read again, in an attemp.t to meat all of the teacher's 
s * ' demands. The monotony of this repeated rea^ng did not deaden the girls' 

attention, because they were on the alert to notice if the reader made ^ 
any mistakes and- were to correct any « inaccuracies . 

The teacher emphasized that the solution itself largely depends on 
a correct reading of the problem: '*Valya» here> read the problem poorly 
and cannot explain its solution; and Katya was mistaken because she missed 
this important little word 'than' when she re^ th^* problem at ho^ne/' 
she explained. The pupils developed a genuine respect for this stage 
of the work on a problem. Gradually they formed a sound habit of reading 
the text of a problem with the correct intonation, and the teacher devoted 
less and less attention to this stage. • 

Emphasis on a_ Breakdown o£ the ^ext of a Problem ^ 

Although the individual data and the unknown are isolated while 
reading the problem, the teacher did not limit her c^ass to this. In th^ 
initial period of teaching the separation of the text of the problem into > 
individual data aiK^ the unknown, she singled this out as one st^ge in 
^ the work on problems. Having read the problem; the pupils were to 
enumerate each of the data and isolate^he unknown in particular. Here . 
is how this breakdown of the above problem was done by one of the pupils, 

V ^ ^ 

*'It 1^^ known," she says, ''th^t they put 10 aspen logs 
into the stove. It is also known that six fewer birch ' ' 

logs were 'put in than the number of aspen logs, but it 
is unknown how many logs were put into the stove in all.'V 

N Hera the text of the prdble^i?^ repeated in a slightly differ- 

ent fbrm, and one datum vas distinguished from ^another very precisely— 
' this is one thing that must be taught. ^The investigation of the peculi^^ri- 
ties of problem solving by young pupils ha? shown that, if they are only 
able to reproduce the text of a, problem verbatim, they sometimes 
separate it Into its ' components incorrectly, isolating partial complexes 
whose operations lead to >mistakes (this type of mistake was described above) 
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^At the 6nd of the sacond quarter all^ehe pupdls tn this class, 
even the weak ones, could break down the problem in this manner » and in 
the future the teacher became toore and mere Inclined to skip this stage, 
returning to it cyily in more difficult cases., / ^"^^ 

Having separated the text of the problemi the pupils started a 
more detailed ^t^^lysis of each datum and the unknown * 

^ ''What' kind of logs were put in the stove?" ^ 
the teacher asked. /-^^ 

* • \ • 

"Birch and aspen." ' ] 

^ * 

"How many aspen logs were put in?" 

"Ten." • f 
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^ * "Read again wliat it says about the birch logs." 

"Six fewer birch logs were put in than aspen 
logs." 

"Fewer than what?" 

"Than aspen logs," ■ 

"And lu)w manji aspen logs?" . 

"Ten." • . 

"What is asked in the problem?" 

"V "How many logs in all were put tn»" 

"In all — this is, consequently, j^hat kind of logs?" 

"Aspen and birch." # * 

After this type of breakdown the way to solve the problem will be- 
come clear. 

If unfamiliar words are found in a prob;Lenr, the' teacher reveals their 
meaning in detail, so tliat the pupils can imagine very clearly the' articles 
referred to in the problem- ' 

Once, the number of pine trees that wfere sawed up ilnto boards was 
mentioned in a probl^. In repeating the problem, one girl used the word 
"logs" in place of" "boards." The teacher then explained the difference 
between "^he concepts . She cut up a stick into a "board" and a "log" and 
discussed the uses of boards and logs. 
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With this type of work, the probleu^ evoked a more vivid, clear 
concept in the students and became part of life for them* Thus the 
solution was simplified for them, and they could verify their results 
nore realistically. This is very important now, as our schools are 
resolving the issues of polytechnization. 

Emphasis on Differentiation of Concepts •* 

The teacher always dwelt particularly on similar concepts which 
should be differentiated from one another • The confusion of concepts 
sometimes "hinders the conscious solution of the problem (for example, 
a problem about 5-kopek pieces and 3-kopek prieces in the workbook). 

Ttie analysis of concepts that express a qixantitative relatipnship 
between objects ( fewer than . , so many times bigger than , etc.) was* 
guided by a great deal of systematic work by the teacher on these 
concepts. (I do not have the opportunity to explain this in more 
detail here.) 

The tocher elaborates proper concepts about quantitative relation- 
ships between objects by visual material. In the analysis of problems 
she observes whether the pupils understand the meanings of all these 
''small, but important, words, so that they can imagine clearljr^the 
relationships described by the problem, and 'she turns to visual aids 
when difficulties arise. 

Emphasis on Substantiation 

In solving problems, V- D. Petrova demands a substantiation of the 
method of solving of a problem from the text. She Semands that the 
pupils point out the part of the text that determined .the operation 
performed by the pupil. Thus, in solving the above problem about ^the 
aspen and the birch l§gs, the pupils asked,. **How many birch logs were 
brought?'* To answer It they proposed subtracting six. logs from 10 logs. 
Tlie teacher requested rereading the part of the problem that stated that 
subtraction should be carried out (''six logs fewer*'). Tlirough this \ 
tys^ ,^'&^^.woxK the pupils became accustomed to conducting the solution on 
the basis of an analysis of the text, thus controlling their choice' of 
operation. ^ 

The analysis is subordinate not only to the data contained in the 
problem but also to the intermediate data obtalnod during the solution.^ 
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In doing the appropriate arithmetical operation, the pupils indicate 
^ecisely what kind of data they obtained ^and connect these data with 
those contained in the problem* ^ \ 

"Now we know,*' a pupil said*, in solving the problem about the logs, 
"that they put 4 birch logs into the stove. We also know, that they put 
dn 10 aspen logs.. •Now we can find out...'." continued with the state- 
ment and resolution of the next question. 

Em phasis on the Question of a^ Problem 

V. D. Petrova devoted much attention to '*work on the question of a 
problem," on the unknown. The pupils isolated and separated the unknown 
data. The teacher emphasized that determining the value of the unknowia 

if ^ 

and ansv^ering, the question of the problem are the goals of the solution 
and that there should be no superfluous operations — all operations should 
serve the one basic goal of determining t^e \inknown*. 

\{tien they* found the value of the unknown, the girls explained: "We 
have solved the problem because we have answered its question. In the 
question the following is asked: How many logs in all were put into the 
stove? We found out that 14 logs were put into tte stove." 

"Katya here," said the teacher, "solved this problem in onQ operation: 
She subtracted 6 logs from 10 logs. Did she complete the problem?" 

"No, Katya did not read the question of the problem^ She didn't 
answer it^" the children ^j^lained. 

Tliis kind of work established the purpose of looking for the unknown 

in the solution and prevents superfluous syntheses. 

f 

V. D. Petrova teaches the pupils to ask themselves questions for 
different known (jjata ("Wliat can we find out if we know.*.") to select 
data for the question ("What must we know in order to determine — . 
Sometimes she asks if they can immediately, with one operation, find the 
answer to the problem's question, and has them explain why this is 
impossible. Thus, she includes elements of the method ol analysis, but 
still does not teach the pupij-s to conduct thr. ''classical" analysis of 
problems on their own. 

She also teaches them different formulations of queRtlons referring 
to a single operation. If one reads: "A boy had 2Q^notebooks and gave 
half of' them to his sister," the following questions could be posed: 




1) How many books did he have left? or: 2) Tn ^^hat is half the books 
equal? 3) How many notebooks did lie give his sister? The answer to 
these questions, as the pupils explain, is found in one operation: 
20 ^ 2. This type of ^ork makes the pupils' thought more flexible; the 
transition from one system of connections to another will not be so 
difficult for them (ifecall the difficulty Ljrusya G, had in solving Problem 
No. 3). / 



Emphasis on Analysis of Errors 

V. D. Petrova also trains the pupils to analyze their taistakes, show- 
ing that the basic source of the mistake is a superficial analysis of the 
text* For example, they had the problem; 

^ Twenty birch trees were planted in a park, then 10 more 
poplars than birches, and as many linden trees as poplars 
and birches put together were planted. How many linden 
trees were planted? 

Valya S. found how many lindens were planted by adding 20 and 10. 

The teacher, in reviewing the solution, asked the girls to indlciate 
where Valya had gona wrong, apd what part of the problem she had ignored 
("10 more poplars than birches**) • 

Nina solved a problem about nickels. To answer a question about 
the number of pennies in a nickel, she wrote the operation thus: 

3 II. X 5 p. 

The teacher again demanded that the pupils show why Nina was wrong, 
what rule she had forgotten. The teacher requires independence in her 
pupils^ problem solving and does not consider homework done unless the 
*feirl shows the sheet of scrratch paper on which she solved the problem, 
llie teacher told the girls how this pupil solved the problem, and then 
they all singled out the errors she made and .told why the problem was not 
solved. 

Tlie pupils were gradually trained in controlling the opp.rations they 
used and in correcting their mistakes; this training, as we saw, is 
reflected, in their ability to solve problems. 

Emphasis- on Developing. Language ^wers " / ^ 

A person thinks with words. *'Naked thoughts, free from linguistic " 
material, free from linguistic 'natural material,^ do not exist [40; 39],* 
says J* V. Stalin. Developing the pupils* speech also involves developing 
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logical thought and increasing the level of their analytic-synthetic 
activity, 

V. D. Petrova worked very hard to devel(>p the speech powers of 
her pupils. She broadened their active vocabulary, including words to 
signify abstract concepts (weight, quantity, etc.). She constantly 
required detailed, precise answers, without extra words, to her questions. 
By the first half of the year her first-graders could, without the 
teacher's helping questions, transmit the content of a problem and explain 
how to solve it. 

An Indiv idual Exper iment 

At the end of the year an individual experiment with 15 pupils -was 
conducted (5 having 5's, ^ having 4*s, and 5 having 3's in arithmetic). 
The following problem was given for independent solution: 

Forty meters of satin were brought into a store. Half 
the material was sold on the first day, and 7 meters less/ 
was sold on the second day than on the first. How many 
meters of satin vfere sold on the second day? 



Of the 15 pupils, only one required some help from the experimenter; 
the rest solved the problem all by themselves, giving a detailed explana- 
tion of the course of solution. As an example of such a solution and the 
explanation of this problem, I introduce tfie record of Zhenya S. (she 
had a *;4'* in arithmetic). After repeating the text of the problem, Zhenya 
began its breakdown: 

'*We know that 40 meters of material were brought into * 

the store^.^nd we know that half of the material was sold on 
the f irstv^«j^ut it is unknown how many fnejiers were ^old 

on the secon'ff^Miy, This we shall have to find out. In order 

to find Qpt how man^ meters were sold on the first day,. we 

must divi-Se:' 40 m : 2 = 20 m. Twenty m of material were sold ^ 
on the first day. 

"Now we know that 20 meters were sold in one day, and 
that 7 m less were sold on the second day, but it is unknown 
how many meters were sold on the second day. 

**In order to find out how many beters of material were 
sold on the second .day, we must subtract: 20 m ^ 7 m = 13 m. 
Tliirteen meters of jnaterial vere sold on the second day/^ 

/ Such a detailed, well-founded solution was very typical of the pupils 
ii\ V. D. Petrova's class* 
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The initial knowledge of functional relationships between data 
was given by V. D, Petrova in first grade during the solution of simple 
problems. Later, in grades 3 and 4, she broadened the scope of the 
co:g^nections to he. learned and achieved a sound mastery of them» She 
worked hard to decrease the time spent in translating the concrete 
data of the problem into more abstract dkthematical concepts. 

Thus, in solving quit^ a' complex problem involving finding the 
difference in gasoline consumption of two differerlt automobiles, the 
fourth grade pupils indicated that they must explain which of the auto- 
mobiles consumed more gasoline and by what amount. 

'Vhat shall we do?'* asked the teacher. ^ 

"We should compare the amount of gasoline used by the automobiles. 
In order to do this, we must subtract the amount of gasoline consumed by 
one automobile from the amount of gasoline consumed by the other, an4v' • 
thus find the difference between them,*^ ' . " 
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"The difference of what?'* The teacher demanded precision^ 
'H^e shall find the difference in gasoline consumption," a girl 

answered. ^ 

Thus, the entire course of the solution was traced in an tract 

formulation • , ' 

Emphasis on Alternative Solution 

V, D. Petrova ordinarily considers and evaluates, from the point of 
view of. their productiveness, various possible solutions of a single 
problem and the solution of problems without using numbers or numericarl 
formulas. 

These means *of training instill in pupils the ability to plan differ- 
ent courstiB of solution of a problem and the ability to choose the most 
rational of them. This was very clearly shown in the solution of Problem 
16 by fourth-grade pupils in the 172nd School. Tlie girls planned two 
or three possible ways to solve it and indicated the best one* All of 
this shows a high level of analytic-^synthetic activity. 

Her Success in her work was determined, as I have already indicated, 
by her entire approach, not just in aritlnnetic lessons. The ability to 
think logically, to reason, to express thoughts precisely and accurately, 
all of this she taught the pupils in all the lessons • The methods used 
by this taad-her are described in the methodological literature. The 
definite, strictly-thought-out system of using them waB, valuable In her 
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work, and as a result, this method was mastered not only by the best 
' pupils, but by the weaker ones as well, and these became means of ' 
creative thinking for them* As was indicated above, the fourth-grade 
pupils of V. D. Petrova, made very few errors in analysis when^they 
solved a difficult problem on their own, and whan difficulties arose they 
turned to a repeated analysis of the text, analyzed tfieir reasoning and 
mistakes. All of this shows the productiveness of the system described 
here. I 

3* An Experiment with Auxiliary Methods " ' 
^ Above, as one of the examples, an experiment was descryLbed in which 

the teacher was training her pupils in elementary means ©^analysis and 
synthesis in problem solving. However, these elementary iieans coixLd not 
always guarantee finding a way to solve more complicated task-problems, 
the splution of which is a process of creative thinking^. When difficul- 
ties arise, the solver will search creatively for some auxiliary means 
that will simplify finding the course of solution^. Tlie knowledge of 
this type of methM can doubtless be very useful. 

For the purpose of finding the auxiliary methods that simplify 
analytic-synfthetic activity in solving problems,, we investigated the 
process of independent solution of arithmetic problems by adults. Ninth- 
and lOth-grade pupils with excellent grades, college students, mathe- 
matics instructors, and a number of scientists were used as subjects (30 

in all); each of them solved 10 problems, and 300 solutions were 

2 

collected. Quite complex problems were giverl* to them, many of which 

■J 

caused difficulties in solution. To overcome these difficulties, the 

solvers ordinarily introduced a, number of devic^ which made it easier 

for them to find the relationships between the unknown and the data. The 

following aids were the most widely used: concretization, abstraction, 

3 

modification, graphic analysis, analogy, and analytic questions. y-^ 

Concretization c 

The method 'of concretization Is used when the Kolver introduces 



•.'^'! For a more detailed description of the results of this investigation, 
see i jroce edlngs [Izvest-iya] of the Academy of Pedagogical Sciences of 
the HSFg^," 4ssue^l. ^ ^ < ^ 

* ThesSe" means presuppose a very complex analy tic-synthetdc activity. 

However, they aj;e primarily directed at exposing the content of the 
complex data, at isolating the relationships between them, i.e., at an 
analysis. Therefore we conventionally call these means* methods of analysis 
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into the problem a series of cQncrete details, which make the situation 
outlined in the problem more con^rehensible and therefore simplify the 
determination of the relationships between the unknown and the data. ^ 
Many turned to this method, for example, while solving Problem No* 1 (the 
statement of which is quite abstract): ^ 

1260 rubles profit was received for goods sold. - If ^ 
4800 rubles more had been paid for the goods than was 
paid the first time, and if they had been sold for 
twice the price, then the profit would have been the same. 
What were the buying and selling prices of the goods? 

Many subjects made the problem concrete in this way: "This store 
sells something from its stock to a buyer. There is a resale. The store 
itself paid 4800 --rubles mo r^ the s econd ,time>** 

Tlie abstract formulatioil of the problem has become more concrete 
(here: the store, its stock, \nd the buyer), helping many to separate 
the processes of buying and selling, and to -realize the profits as the 
differences between the buying price and the selling price. ■ 

However, the investl^tion showed that no !^ every coucretization was 
useful. One person who solved th^a problem clearly imagined> the merchant 
measuring off material for a buyer, and these life-like pictures, by his 
own admission, led him astray from the solution. 

*'In order to make the situation of th^ problem more life-like, one 
must almost feel it,*' said one of the solvers, quite accurately conveying 
the attempt to rely on a visual aid (on the first signals 'of reality). 
But this visual aid should not be too burdened with details detracting 
from the basic goal — the relationship between quantities • As was shown, 
the most generalized schematic forms are the best support. 

Abstraction f , . , 

In conjunction with making the problem concrete, or frequently 
after it, the solvers turn to the method of abstraction ; They discard i 
all the details and' strive to express th^ situation in the most abstract 
concepts, thanks to which the functional ties between the data stand out 
and their mathematical relationship is exposed. 

**More was paid, they were sold for more, and the profit was the 
sanie*'"this is how opc of the solvers conveyed the content of the problem 
indicated above. Consequently, its formulation reflects the basic mathe- 
matical relationship on which the problem is constructed. Such an 
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abstract fonnulation simplified disclosing the appropriate tuathematical 
laws orl the basis of which the value of the unknown can be found. In 
thjfigiven problem, on the 'basis of such a formulation, it was ^sier for 
the solver to draw^the conclusion that the profit therefore remained C 
unchanged, that the higher the price they asked, the more they had paid 
J[ot> the goods (i.e., 4800 rubles), and by that very means he was able 
td find the key to the solution. The method of abstraction assumes, 
apparently, guidance by the most general associations of the second 
signal system. 

. J 

Schematic Notation 

An intermediate position between these two methods is occupied by 
the method of a schematic n otation of the problem ^ The adult solver 
ordinarily turns to notation when the problem has many data and it is 
difficult' to understand immediately the connection between them. 
♦ Thus, for the following problem^ 

425 rubles were paid for 40 m of fabric of the best 
variety, and for 30 ^m of the second best. If 30 m of the 
fi^jst had been bought, along with 40 m of |he second, then 
'the cost of all the fabric would have been 415 rubles. H6w 
much does 1 m of the best fabric cost, and 1 m of the second 
best?'' 

St ^elvers ^de a notation, 'grouping the data in^the following way: 

40* m. 30 m. — 425 rubles % 
' 30 m* 40 m. — 415 rubles \' 

lb " 10 " 10 " . 

V. 40 30 

(425 R.) (415 R.) 

30 40 



Mo 



Or; 



V 



Here all details are discarded, irnd only the numerical data are 
singled out. Tills makes this method similar to the method of abstractiten 
However, tha grouping of th'ese data is presented visually. Tli^ solver 
looks for guidance in, this visual grouping to determine the interrelation- 

ships between^ the data; in this way the schematic notation of the problem 

f 

approaches t\\^ method of' concretization* ' 
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Graphic Analysis ^ 

• A similar Intermediate position is also occupied by the method of 
*^raphic analxsis of the problem/' Using conventional shapes having no 
olJf^ctlve similaWty to the specific content of the situation, the solver 
strives to represent the relatlodshlp between the unknown and the data, 
and thus to simplify finding the necessary relationships. 

Thus, G. could not find the way to solve the problem Indicated 
above (No. 1) about profits. Then he represented by one rectangle (1) 
the old ^st of the goods, by a second (2) the sale, where the 1260 
rubles of profiit are noted; thSn he wrote down a rectangle for ''the new 
purchase" (3), and the new sale was given as the sum of the first two 
(4). The fallowing diagram was obtained (Fig. 35): 



No. 1 




1260 



No- 3 




4800 



No. 4 




1260 



7 




Fig.. 35 



Looking at his diagram, G. made the necessary conclusion: *'Aha! 
If we add 1260, then they are the same. The old price plus 1260 is equal 
to 4800'. 4800 minus 1260, this is itie old price, and they made the sale 
for 4800 rubles." ^ ^ \ ^ ' - ^ 

Such a visual separation of the data sif^^Jies comparison of them 
and of the Isolated parts, and therefore simplifies finding ^^le^ laws 
connectii^g the data. 

very effectively^ changed the method of graphic analysis in 
"delation to the f45llowlng problem ; ^ 

A boy had a few kopeks, When someone gave hini 14 
more kopeks, he took all of the money to buy 4 pencils, 
paying for eacli of them twice what he had at the start. 
How much did the boy have before he received the 14 
kopeks? ^ 




Fig.' 36 



He drew a circle— this represjented 
the sum of money spent for the pencils* 
"The boy bought 4 pencils — 1/4 of the 
circle for each pencil/' he noted. "His 
own money sufficed for 1/2 a pencil, which 
is 1/8 of the total sum. .For the remaining 
7/8 he was given 14 'kopeks/^ Guided by 
his diagram, N. easily found the required 
relationship. (Fourteen kopeks is 7/8 
of the cost of the pencils •) 

The relationship between the data and the graphic diagram is repre- 
sented visually'; at the same time the diagram itself, along with its 
s^arta^ has an abstract, generalized significance. Thus, in the diagram" 
the use of visual aids interacts with the abstract components of our 
thought (the interaction of the signals of the fiSrst and the second 
signal systems) . 

In Che method described above, the solver actively intervened in 
the situation, introducing some details or else discarding something 
contained in the problem. The problem is altered even more when the 
method of variation is used. 

< 

Variation . ' 

The method of variation actually represents a mental experiment, 
in which the solver rejects a datum temporarily or arbitrarily changes ^ 
its ^numerical value so that later, on the basis of logrl^ he might explain 
the consequences of this transformation, what happened whej^th^-S datum 
was isolated from the rest. By this change it is easier for him to see 
the role of this ^atum and of the rules wl\;J.ch connect tl)is datum with 
the others and with the unknown, i.e., it is easier to determine the I 
course of the problem^s solution, - 

It was prec/sely this method which was used by the subject P. in 
solving Problem No . 1 . ?• determine^ that the price doubled and was 
more than 4800 rubles* However, he was not able to cross over from this 
position to the concrete arithmetical operation for determining the 
unknown. Then he introduced .'^^^ following assumption: ^'Suppose they 
had not increased the price by twice the amount,^ IT^en," he concluded, . 
**they would have suffered a los^. What would this loss have been? *It 
would ^e 4800 - 1260 = 3540. However, they did not suffer a loss," ancf 
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p. again compared his conclusioh with the situation in the problem. "They 
made a, profit. Consequently, doubling the price covered the loss by 3540." 
Then the answer and the^^^oice of operation was clear to him : 3540 + 1260* 
this is the sum for which the ^oods were bought. ^ 

Here the solver has temporarily discarded one of the data. In solving 

^another problem, a conditional change of value of one of the data proved 
effective. For example, this method was used successfully by the student 

• Yu. in solving the following problem: 

^ A collective farmer's wife had money^ f or buying ribbon. 
It tui^ned out that if she bought ribbon for 3 rubles 42 kopeks 
per meter, she would not be able to pay for 2 meters, but if 
• she bought ribbon at 2 rubles 85 kopeks, sl>e would have enough' 
'money left to -buy another. 2 meters. How much ribbon 4id she . 
buy ,and at what price did she propose to buy It? ' 

' t.Yu. determined the cost of 2 m of the cheaper (5 rubles 70 kopeks) 
and the more axpensive ribbon (6 rubles 84 kopeks) and the difference 
in price between' one meter of the more expensive and one meter of the 
cheaper ribbon. Having done this, Yu. was not ab'le to understand ^the 
ties between the data.^ "Here alPS three data. Is it possible to join 
-fhem? Of what are they composed?" -he asked himself and turn^ to the 
method of variation. He imagined that! the price of 1 m of the cheaper 
ribbon was increased. ^ \ 

*Vith a gradual increase in the price,*' he reasoned, *'the farmer's 
wife would spend all her money and 6 rubles 84 kopeks beyond that- But 
if the cheaper one is bought, then 5 rutdes ?0 kopeks would r-emain. The 
price of 1 m went up and up, and there was not enough money. If it went' 
down, money would be left over.* We must add them: 6 rubles 84 kopeks 
and 5 rubles 70 kopeks, arid they ar^ composed of these 57 kopeks,** and 

4 

Yu. drtw the correct conclusion about the connections between tlie data. 

It should be noted that the methods of variation taken from the 
solution of the model problems are very widely used by adults in solving 
the must varied problems. 

Analogy 

Wheil serious difficulties arise, the solvers sometimes use thelmethod ' 
of analogy . They compose a problem analogous to the^, one they are solving. 



The/'subjegt expressed himself in very compressed; abbreviated * 
forrmilattdns: The difference in cost was formed thanks to the difference 
in priced 1 m - 57 kopeks ('^They are composed of these 57 kopeks^**). 
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but with small data'' and with an unknown whos^ value they can calculate 
in advance. The small size of the data and the known value of the 
% unknown make it considerably easier to compare them and djUtlose those 

relationships that connect them to each other • The relationship determined 
in the new problem is then transferred to ^the initial problem. 

Thus, G. forgot the usual means of solving Problem No. 6: 

«f . ' 

A train includes *t:wo-, three-, and four-axled cars, and 
the number of th^ee-and four-axled cars is the same. There 
'are 36 car^ in all, and 111 axles. Determine the number of 
§ach type. . . 

Then he took these arbitrary data: ^ / 

"Suppose there were 3 Wagon^ with 4 axles each; that's 12 
"axles. And 5 cars with 2 axles each — 10 axles; these 8 ^ 
cars would have 22 axles." 

r 

G. ha4 not onjy the initial data, but the intermed*arte 
data and the unknown as well.- It was necessary only%to 
find the relationships of these data. And G. looked for . , 

the necessary relationship by comparing the numerical values 
of the data: "22 v 3; 22 : 4; 22 :- 7^..." 

He rejected all of these variants quickly; the presence o6 
the value of the unknown' simplified the checking significantly. ' , 
''It's not divisible. Wef have to'^ipultiply G. decided, and 
continued his trials. 




^*If they ^ were all ftSur-axled, there would be 32' axlesr 
(4 X 8); if tt\ey v.?ere ^all two-axled, there would be 16 
axles: 32 - 16 « 16. Here we have to determine the ^ 
difference and flivide/' G. has found the proper course 
of solution and he transferred it to the original problem. 

As the investigations showed, the method of analogy can be produc- 
tive "^only when the solver has sufficiently ^'analyzed the data contained 
in the problepi. Otherwise <»the problem he constructs will not be < 
.analogc^s to the' original pne, therefore will not lead to the necessary 
course of, solution. ^ ^ * 

In the solution process adults ordinarily ask themselves analytic 
questions which direct their thought to the analysis of the content 
of the data and the functional ties between them. Wliy did the profit 
remain the same although the price of the goods changed? Why was the 
second purchase more expensive than the, first? What is tha content of 
these data? Are they the same? These and similar questions help the 
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solver to isolate thB basic relationship in the problem^ its kernel, ' 
and help him to concentrate*^ precisely this basic thing » 

These are the most widely used methods whfch make it easier for 
adults to find the way to solve quite complex task-^problems * 

4, ' Developing Auxiliary Methods 

The question justifiably arises of the source of these methods, 
They are undoubtedly worked out gradu^ly, in solving problems and 
especially in academic st\idy, , * , 

The auxiliary methods described here are not, essentially, new ones 
to teachers of mathematics » Teachers are acquainted with these methods 
and use them to some extent in their work^ The schematic notation of 
the problem is quite widely known in school, but usually the teacher 
himself does it. ^ ' 

In trying to make a difficult problem more comprehensible, the teacher 
makes its situation concrete, sometimes proposes an analogous problem, 
but with small numbers and with a more transparent relationship between 
the data (the method of analogy) * Many teachers ask analytic questions 
during the breakdown, to guide the pupils^ thinking in the necessary 
direction. Often, especially for certain groups of problems (e.g., those 
on motion), they draw a diagram (the method of graphic analysis). An 
entire group of problems is actually solved by the method of variation 
(problems on substitution, equati2ation, supposition) ♦ ^ ^. 

However^ the number of problems for which these methods is used^ is 
too small, and the main thing is that teachers who use the methods 
themselves ordinarily do not intend to teach the pupils to use them 
independently and to introduce them In problem solving when difficulties ^ 
arise. Only rar^y does the literature on methods ifidicate the necessity 
of teaching the pup ils some method of other (if so. It is often the, 
method of schematic diagrams of the problem and graphic analysis)^. * 

Our investigation of independent solution of task-problems "by third- 
and fourth-grade pupils has shown th^t, although the teachers dO hot , 
ordinarily teach thesa helpful methods of analysis, the pupils can 
master them on their own and use them when difficulty arises ;^owever , 
only the best pupils attain this level. 

The weaker pupils, as the experiments have shown, are not in a positio 
to single out and master these methods* As was shown above, they ordi- 
narily revert to simple manipulation of the numerical data when diffi- 
culties arise. 
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Since the weaker pupils do not master the helpful methods of analysis, 
we shall observe how the better pupils master them. We made an experi- 
mental 'study" of the Independent solution of rather difficult problems by 
excellent tliird-, fourth--^ and sixth-grade pupils. Twenty pupils were 
taken from each grade (from different teachers > three or four of the ^esjt 
pupils from each class) . 

As the investigations showed, even good pupils do nbt isolate the 
auxiliary methods of analysis at the first stage of learning, when they 
are still inexperienced in solving problems'** Third-grader^ show no effort 
to change the method of solution, even when the chosen course turns out 
to be inexpedient. If they fail, t^hey either reject completely any 
further search for a course of -^solution, or else they proceed to mani- 
pulation of the problem's numerical ^*data without any correlation with 
their objective significance. The solution itself proceeds by separating 
individual parts of the problean, and these parts, on account of the weak 
analysis, are not always adequate to the situation. For example, Kolya 
S» solved Problem No* 12: 

One worker saved 696 rubles every year, ifeis older brother 
started work at the same factory after 14 months, and after 
28 months 'he had accumulated as much as his brother^ had done 
from the beginning. How many ru l < l#^ ^.d h:^s brother sa-^e 
yearly? / 

/ifter asking himself how many 'rubles the younger brother 
saved monthly, Kolya tried to divide 696 by 14 (and not by ^ 
12 months), i.e., he regarded the 696 rubles ^s the amount 
saved by the laborer in 14 months. ^ 

When the teacher indicated the mistake, Kolya corrected 
it. He found-the sum saved^by the Vo^nger brother in 14 
months (812 rubles) , and wanted to ^determine the older 
brother's monthly saving by dividing, this sum by 28 months. 
Again the experimenter had to point out the mistake. 

Tlieu Kolya announced: can/t do it,** and waited for 

help from the' experimenter . Y * 

It should be noted that for most third-graders, suggestions made by 

a direct hint from the experimenter to use one of the auxiliary methods 

that their teachers had used in class to explain difficult problems 

were unproductive. 

For example, the method of schematic no tuition of the problem would 

be most effective in helping to solve Problem No. 16: 
'/ 
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A store was supposed to receive 115 kg of boiled butter 
at 18 rubles per kg, and 135 kg of cream buttfcr, at a total ' 
cost of 4770 rubies. But only 75 kg of boiled butter were 
• delivered, and all the remaining mpney was used to' buy cream 
buttet. How much cream butter did they buy? 

Noticing that Vitya B.-^as making the solutiofi of the problem more 
difficult tjlan necessary, the experimenter suggested that he write down 
the problem in abbreviated form, as his teacher had done. Vitya did so 
but left out isolated wor^s a^d introduced abbreviations, wi^thout trying 
to sy^ematize the data somehow. Volodya T., under similar conditions, 
did it in a more orderly fashion: ' 



- J Y" 115 kg bid. but., 75 kg^bld. but., at 18 r: 

4770 R i 

^135 kg of cream but. f- 
However, these diagrams helped neither Vitya B. nor Volodya T. Then the 
experimenter suggested the following"^ diagram: ^ tr 

115 kg bid. but. at 18 R- & 135 crm. but. — 4770 R» 

75 kg bid. but. at 18 R. & ? ' — 4770 R. 

This diagram simplified the course of solution considerably for each of 

them . 

Analogous facts are also noted with r^^^^ct to the use of visual 
diagrams. A visual diagram can be very productive for Problem No. 20: 

1560 rubles was deposited in each o| two departments of 
savings bank. A certain sum of money was taken from one 
of the departments, and from the second as much was taken 
as remained in the first. How much money remained in 
both departments of the bank? 

A basic dif fieulty of this problem for young pupil?? ts that there 
is only one numerical datum present* ''This problem is^ impossible to 
solve. There are no numbers here,** third-g:faders often announce after 
they have read the problem. 

Translating the problem into a 
visual scheme ordinarily serves as a good 
support for obtaining the required con^ 
elusion from the problem^ Here is the 
form for such a diagram (Fig. 37). Tlie 
Fig. 37 sums ot money removed (or, more 

/ 
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precisely, the relationship between theia) are made concrete in the , 
diagram, and one can easily s^e that the sum of the remainders is equal 
to 1560 rubles. 

When a group of third-graders had difficulty solving this problem, 
the experimenter suggested sketching a diagram for it» He gave a series 
of specific hints: ^ClL^ * - • 

1) 'First sketch twt) separate boxes where the money is. 

2) Mark off the amount (arbitrary) taken from the first box. 

3) Read what is said about the second box in the problem and mark 
off the part taken froqi the second box on the diagram. 

The pupils carried out the first two instructions without any diffi- 
culty but stopped in indecision at the third. 

"What is this? I don^t see how to show it. The same amount as 

remained in the first, Volodya N. kept i^epeating and, finally, marked 

off the same portion of the second %ox*' as of the first t Only the 

teacher's direct hint led him out of the difficulty. The pupils were 

not able to translate the .abstract "the same amount as remained in the 

first department of the bank** into visual form. Obviously the mastery 

of these quite complex methods of visual aids (graphic analysis , diagrams) 
» 

demands a higher level of axialytic-synthetic activity than the pupils 
had . 

Howevet, the method of concretization turns out to be more accessible 
and effective for third-graders. Kolya fx. arrived at thia method by 
himself by accident. 

WTien the experimenter suggested sketching two boxes for the 
money, he drew rectangles and wrote the appropriate sum in 
each. Later it was suggested that he mark off how much money 
was taken from them.' He crossed out the last three digits from 
the sum 1,560, i.e», 560 rubles, and subtracted this sum from 
the second, noting that there was a remainder of 560 rubles. 
Thence added the remainders and thus found the unknown. 

"But if you take a different suif^?'' the experimenter asked. 

Kolya took 300 rubles and after he had carried ^out the 
appropriate operations, obtained the same answers 

"And if you take a different sum again?'' the experimenter 
continued. Kolya again carried out the subtraction and, 
finally, arrived at the generalized conclusion: ''it doesn^t 
matter what you subtract; there will always be 1,560 rubles.'* 
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The method of concretization was prbductive here. Obviously, numbers 
are pf more help to third-graders thati a very conventional visual diagram, 

A refusal to sea2y:h actively for a method of solution, the transition 
when difficulty arises to manipulation of the numerical data without 
reference to their real, elective significance, the inability i to use the 
. Indicated auxiliary methods^-all of these were char-^cteristic for 16 of 
the 20 excellent third-graders we investigated. ^ 

Four of the. good pupils showed, a slightly different approach to 

searching for a method of solving the problems • , When one method failed 

for th^em, they were induced to try other ^aethods of solution known 

them, and this effort .proceeded on the basis of features isolated in the 

pirocess of analysis, and came from problems known to them* ^or example, 

Lenya F. solved Problem No. 13: ^ 

1280 rubles were paid. for a child*s overcoat and suit. An 
ovei^coat costs 60 ruble^s^j^and a ^uit is 20 rubles cheaper. How 
many overcoats and suitswet^Ss^ught if there were 7 more suits 
than overcoats? 

Lenya correctly determined the cost of one overcoat and 
one suit (100 rubles) and then tried*^ to divide the cost of ' 
the entire purchase by it (1280 v 100). The i#ossibillty of 
this operation forced him to turn to the. prcfblem's text. 

i 

"I made a mistake. Here it says 7 more*'~he indicated, quite. 
■ correct lyJi ^ ^ " 

"Seven ^more. . he repeat"fed, and asked: "How^many pieces 
were there?" 

' . Thus, the isolation of the datum "7 more" gives a faj.se basis for 
the use^ofN^he method of solution by sum and multiple relationship. 

> He carried out the problem breakdown (7 1 -^8 parts: , 

1280 y H"^ 160 coat3) and transformed the problem 
accordingly — "160 coats and 7 times as many suits." . * 
.After the experimenter indication ("^ more") , Lenya 
added 7 to 160, but, realizing that the answer was 
wrong, turned again to the text. He correctly ^. 
determined the cost of the 7 "exfra" suit«. Finding ^ 
how' many rubles were paid for the entire purchase if • 
the same number of suits were bought as overcoats (1000 
rubles), he then tried to solve this problem as problems 
in proportional division are ordinarily solved (they., were 
solving this type of nroblem at that time in class) * He 
divided 100 in lialF-^d tried to divide 500 by 40 and 60. 
With some help from the experimenter, Lenya lhanged the 
method of solution somewhat and determined trie value of 
the unknown. 

\ 
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Three other thii?d-graders searched for the solution of new problems 
in an analogous manner. The question naturally arises how the method of 
solution described above should be assessed. Even Lenya used a model 
method without sufficient basis for it, without a thorough- analysis o'f 
the data, sometimes with only an arbitrary similarity between some 
isolated elements of the problem. , In older .pupils we undoubtedl-^ could 
not evaluate positively sucTi a method of soiutioi;i.4 With third-graders 
it must be regarded in a different manner. For the bi£lk of the pup^s 
in this grade, a rejection of active searching for the solution was 
chjwracter istic when the first method they had chosen did not lead to 
the goal. When difficulties arose, they sought for support in the 
numerical values of the problem, not in the problem *s content. 

411 of these pupils (and only the best were chosen) were able to 
solve model problems corresponding to the curriculum requirements for, 
the third grade. However, their use of one method precluded the possi- 
bility of other methods. A definite stagnation of, possible systems of 
associations corresponding to each type of problem was characteristic of 
them — if one syst^eijiuof associations had just been introducec^into the 
operation, this precUudefd the possibility 6f actualizing another system, 
whe^ the stimulus (th^sl^uation of feiie problem) remained the same. 

A small group of^ four third-graders showed greater flexibility. 
Under similar conditions, they were able to crosjB- over from one system 
of associations to another, although It was perhaps invalid, with only 
one elemeiit in common, ^ 

This freer use of model methods assumes a higher degree of 
abstraction, greater generality, and isolation ^MrHem as methods of 
solution, which creates the prerequisites for modifying the model means 
of solution, to correspond tsrith the situation, and this is one of the 
means of solving task-problems. 

In fourth grade the number of problems solved is enlarged, the 
number of. model methods- known to the pupils is broadened, and 41ie students 
experience is enriched* Likewise, there are fc2wer good students wiio, like 
the bulk of tlie third-graders, will turn away from introducing new 
methods when difficulty arises and seek support for the solution in the 
absolute value of the numbers (large or small numbers, whether they 
divide each other evenly, etc.)* There ttirnc'id out to he only 9 of these, 
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out of 20 examinees, i»e», 45%. 

The percent of the pupils who be^an trying habitual methods when 
difficulty arose increased somewhatJ|(25% — 5"puplls) . It should be 
noted that ^ome of these pupils accbmpanled the use of familiar model 
methods by a more detailed discussion, on the basis of which they some- 
times modified the method themselves and found the way to solve the 
problem. Thus, Valya K. tried to solve Problem No. 13 (see above) in 
the same way as problems on proportional division wei^ ordinarily solved 
(1000 * 2; 500 : 40; 500 : 60). The impossibility. of dividing told h^r 
of the i^icorrectness of the course she had chosen. Then she looked over 
her solution again. 



^ 'Ve know," she said, ''that 7 overcoats cost 280 rubles. 
All the overcoats cost 500 rubles .No .1000 rubles is the 
r cost of all the overcoats and the suits. They are now in 
equal number, but they cost different amounts ." [Valya found 
the mistake in her previous reasoning'. J **So, fewer overcoats ^ 
should be obtained, since they are more expensive than the ^ 
suits. They s(ll together . cost 1000 rubles, and their 
quantity is the same. How much does one overcoat and one 
suit cost together? — lOO rubles . How many, pairs are there?" 

^ Vrom this^account we see that Valya found the mistake in her previous 
re^oning and .changed to another method of solution^ appropriate to the 

problem.^ ' ^ . 

It should be noted that problems similar^ to this one had not been 
solved in class before the experiment. Valya' herself introduced a method 
similar to the model one and modified /^t to correspond with tha given 
problem; thus she showed a high le^el of analytic-synthetic activity. 

In coniplirison to these tjiird graders, n group of fourth s^rade pupils 
isyiated some new individual auxiliary methodH of analyBls and turned to 
Lhem when dif f icuijj^ies arose in the solution. 

Sasha D. chose a visual diagram as An auxiliary method. 
He constructed such a diagram" for any kind of difficulties 
- arising in his problems. Here he had .read Problem No. 20, _ 
and, havinp, isolated the one datum contained in it, drew a 
sketch (Fi«. 38) . 

^ 

^Valya K. , along with two other fourth-graders who were equipped 
with the ability to change the chosen method of solution on the basis 
of reasoning, were pupils of V. D. P^trova, 172nd School, 

* 
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. Fig, 38 ' . 

. Sasha connected the 1560 wl?th both "departments." Having, 
missed the little word '*each," Sasha considered 1560 to be 
the total sum of money put in both departmental boxes- Re-, 
reading the problem, Sasha now isolated those parts which 
refer to the sums of money removed. He was acquainted with 
the use of the letter "x" from the solution of examples; "x** 
signifies^ as he knew, any < unknown quantity, and he noted 
it in his sketch: 




1560 
Fig^ 39 



Here both x*s refer' to a sum that liad been removed (he 

"1560 rubles each" Sasha 

"I thought 



did not differentiate them). 



singled this out while continuing the analysis, 
it was in botht" He discovered his. mis take and introduced 
the appropriate change in his sketch: 



1560 



1560 



•He reread the problem in silence. There was a long pause,. 
"Note the precise sum of ^loney 'removed, " suggested the exp^ri 
menter. Sasha immediately tqpk this hint, noted the correct 
sum removed from the fiifst an^ second boxes: 





1560 



1560 



Fig- 41 
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fie <hen considered tU^ sketch for a long tlme.'^i 

"What is being asked in the probl^?" the experimenter 
reminded him. Sasha read and again cousidofed the sketch 
and, finally, gave the correct answer: *!They took out an 
entire department .1560 rubles was taken out of both 
boxes, and 1560 rubles remained." 

' We see., that Sasha returned to the sketch himself , he made .rapid use 
of a little help from the teacher, an4, guided by the sketch, found /he 
correct method of solution. We remember th^ ^ numbei^ otf good third- 
grade pupils could noU^i^ very detailed help from the , experimenter and 
could not make produtttive use of this methocf. \ 

Although the use^of ^he diagram was productive fbr Sasha in that 
problem, in both of the other problems that caused him difficulty (he 
solved of the five assigned problfems very easily) ,^ the diagram did^ 
not prppel him onto the correc^ course of solution. He modified his 
diagram, trying to translate the problem^s situation more precisely 
into it, but dicj^not try turning to anotlier method; more deta^^ed help* 
from the experimenter proved necessary. 

\^en asked who had taught him to make the diagrams, Sasha answered: 
.:^ur teacher sketches like that in class.'' Indeed, the teacher of this 
class used this method extensively, and of the four subjects frdm this 
^ class, two singled opt this method, and it became a method of independent 
thinking for them. . ^ - 

A fourth-grade pupil of the 172nd 'School (in V. D. Petrova's class) 
also singlod^ut her teacher's favorite method as an auxiliary method — 
this was ^king ana lytic que^tlon^ . Thus, for Problem No. 12, Galya K. 
asked the following question at the start of the search for the course 
of solution: '\^y did the laborers receive fhe same sum of mone:f^" Later 
she tried to explain why a difference of 48 rubles was obtained and, 
finally, she asked the germane question, concentrating on the basic 
^^lationship of the Bata: "Wh^ did the|Second laborer have to earn 
another 72 rubles^?" Asking , these questions made it easier to determine 
the unknown, making the search for a course of solution more precise. 
Wlierevet analytic questioris did not simplify the search for finding a 
method of solution, C^alya trl^^d out known methods. 

A fourth pupil (Kolya S.)^'used the diagram as his chief auxiliary 
aid (in solving five problems, he turned to this method four times). 
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Finally, we noticed one or two other methods alongside a chief 
auxiliary £ethod in two pupils in the fourth grade (also V. D. Petrova^s). 
The primary method used by both girls turned out -to be one their teacher 
^'^"o^tieti used, the posing of analytic questions* But along with this method, 
both gip^s^ turned to the method of concretization, and even to the more 
'complex method of variation (more cdlnplax since it presupposes a 
thorough understanding of functional relationship) • This can be illus- 
trated by the apgroaqh of GalyJ K. to solving Problem No » 14. 

A first woman put 8 logs into the common fire^fljace; a 
second pu^ in 13, and a third, not having any logs, gave 
the first two Women a ruble. How should the first two 
pomen divide the ruble? 
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In addition to asking analytic questions, she turned to the method 
jpf concretization * Finding *the 'difference between the number of logs 
put on the fire *by the first and second women, she ask^ this question: 
*^Wliy do we <need this datum? Why did find it? One woman put in 5 logs 
more than the other. And if she had given' these five logs to-Uie^^o ther 
woman? Then 5 logs wsuld have cost 1 ruble 50 kopeks." Wlien she 
subtracted, she became convinced of the unproductivity ^f the chosen 

datum (she did not discover tlie way to determine the necpssary connections) 

■ \ ■ 

and sought another course of sblution. . This method turned out. to be 

p^ticularly productive in solving problem No • 20* . By sub Of acting 

arbitrarily chosen data, Galya found the unknown easily (^*It will always 

be 1560 rubles," she said). 

Sonya K., in addition to asking analytic questions, turned ^o 

diagra ms of the problem (e.g., Prd^blem No. 14); we also noted an attempt 
— , — — — r ■ ^ 

at using the met hod of vari ation . In ^olving Problem No. 12, she 
arbitrarily changed the number of days after which the laborers fulfilled 
the given amount of work, "If both laborers worked the same number of 
days, then the first would liave earped 72 rubles mo^e in th^ six days... 
The ptiier e^ned 72 rubles in 6 days and 8 rubles more in one more day." 
From here she proceeded to determine the desired connections [72 ' 8-9 
(days)]. She also turned to vaftiatioa in solving Problem No. 14, but she 
did not lead her supposition to its conclusion and* turned, to a different 
method instead. 

Singling* out the method of variation assumes that one is absiracLlng 
not only from the features of solving isolated concrete problems, but 
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also from the features of solving concrete model problems — the most genefral 
feature of the entite group of model problems is dismembered (equalizing, 
exclusion, change, etcO — the proposed change of the value of one pf the 
given conditions exposes the functional ties between the data and 

the unknown. If this method Is singled out, it turns out to be productive 
for many problem^. .Using this method shows a high degree of abstract 
thought. In the fourth grade we see this process auly in embryo* For 
older pjipils and adults the method of variation is one of the foremost 
auxiliary methods of analysis • 

Thus, in the fourth gfad'e, the number of good pupils wlio introduce 
different model methods when difficulty arises increasas^^tfupils appear 
who have selected one or two auxiliary methods of analysis and who use ^ 
•them widely. 

The experience of the- pupils is increased still more during the 5th 
and 6th years of stu^y. According to the curriculum, the pupils should 
master the solution of problems o£ §11 types and be able to solve quite 
cg^mplex arithmetic problems. Precisely those more complex problems which 
are solved by' introducing not one but a whole series of model methods 
compose the great bulk, of problems solved in the fifth, and especially in 
the sixth, grade. Corresponding to this, the teacher should also intro- 
duce an entire series of model methods- while explaining these more complex 

problems*. All of this serves as a basis for Uie pupils to select from a 
greater variety of both model metiliods and auxiliary methods of analysis. 

Among the good pupils in sixth grade, we can notice a v^ry small 
group (4 in 20 — 20%) who, in searching for a solut^^ task-t>roblems , 
depend on model .methods, hardly using auxiliary-^ methods of analysis at 
all. Here also, however^ one can note an essential difference in their 

, solutions', as compared with f our th--grade pupils. Due to the increased 
experience of Ih^se Qupils, the number of model methods introduced lo^ 
solving difficult problems increased. Thus, fourth-grade pupils used 
one or two model methods for solving Problem No. 12 and sixth-grade 
pupils used three or four. l^l^il .reasoniiT]^ becomes^ dgtailed . 

However, most characteristic of good sixth-grade pupils is the 
singling out and tlie wide use, along with trials of model methods, of ap 
entire series of auxiliary methods of analysis. This can observed in 
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16 of the 20 pupils who took part, in tte experiment* 54^:5 of them showed 
a tendency to prefer using chiefly one or two methods, but this did not 
preclude the possibility of their introducing otlier metkDds. 

Thus, when Victor T. came across a difficulty, he turned first to a 
diagram or a drawing; the method of ^ concretization was particularly 
characteristic of Edika G., who also used a detailed discussion, ordinarily 
leading to finding the course of solution; and so on. The remainder (10 
pupils"50%) used different model methods widely as a tYlal, as well as a 
'number of auxiliary methods, crossing oyer from one to the other easily, 



until they found what was most productive in solving the problem, for ^ 
determining the connectiohs between the unknown and the data. 

Here is \he record^f solution of Problem No. 4 by Valerii A,: 

Fourteen m of wide braid and 9 m of narrow braid were 
bought. Six rubles 30 kopeks more was paid for the wide * 
braid than for the narrow. VTliat is the price of 1 m of 
wide braid and of 1 m of -narrqw braid, if it is kno\>m that 
1 m of wide braid is 20 kopeks more experlsive than 1 m 
' of narrow? 

This, problem turned out to be quite difficult for him, 
/ and therefore he did not f ind *a way to solve it quickly, 

l^ille reading through the problem,, he immediately determined 
the basic method of solving it: *'It will be necessary to make 
' the quantities equal.^'* he said, but used ttUs method incorrectly 
at first. Having singled out the difference in price of one 
meter, he then figured out the dif f erence of 14 meters and 
subtracted it from 6 rubles 30 kopeks. Having obtained 3 rubles 
50 kopeks, Valerii realized that this datum is the cost of 
equa^ quantities of braid, i.e., corresponding to the yiethod 
•chosen by him at the. start rubles 50 kop^s would be the 

/cost if the quantities were equ^l,*' he said (although actually 
making the prices equal, and not the number, of meters)* Then 
he made the concept of **equal quantity*' more concrete: "Nine 
m of wide braid and 9 m of narrow,** He continued, "and the 
wide braid is 20 kopeks more expensive than 9 m of the narrow.*' 
This repetitious isoJation of 20 kopeks in the nei-ghborhoo(^ of , 
9 m evoked a new synthesis: 9 m~ 1 ruble 80 kopeks. **Fo"r 9 
meters inhere -is 1 ruble^ and 80 kopeks difference, and I Jiave 
3 ruble! 50 kopeks in all,'* and thus he compared both data. 
**What^s the mattep2^ (He was botfiered by fehe small ^um — 3 
.rubles 50 kopek^<^wllVh even lie realized as the cost of 9 m 
of both kiuds/'of braid). '*! nude the quantities equal,'' he 
cont^inued, ^nd now I must make the costs equal* Then one can^ 
equate the prices a Ad divide by the meters.** He noted again in 
generalized form the future development of ^he course he had 
chosen, but he did not discover liis mistake: ^3,50 - 1.80 = 
1 ruble 70 kopeks.* **1 equated the cost... 9 m of one and 9 m 
of the other — 1 ruble 70 kopeks.'* Now it was obvious that the 
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data obtained did not correspond (18 m of braid co^ts 1 ruble 
70 kopeks), and Valerii turned to the problsi^v's' text. Re- 
readi^ig it, he exclaimed: '*^a! The thing is that the problem ^ 
says it costs thi^ much more and not just this much, as I had 
thoughtrV The mistake was found, but the course of solution ' 
was stili* not clear. Valerii silently *began to draw, represent- 
ing visually the dif f erences . in the number ^f- metera (Fig,. 42). 

*He explained: ''There were 14 m and 9 m, an4 20 Ij-opeks extra." 
He repeated, "And there aire still 6 rubles 30 kopeks. No, 3 
rubles 50 kopeks," He has conveyed the problem in a mora 
abstract form, isolating its basis and introducing t]» 4^tum 
obtained earlier. "There are always 20 )copeks extra, and this 
^increases to 3 rubles 50 kopeks" — he has determined the functional 
Relationship, although he recognised the 3 rubles 50 kopeks 
incorrectly here (and "ti^erafore the connection itself is^^f alse) . 
He represents visually tli&vgltuation which he extracted and . - 

introduces precision into hisUrawing (Fig. 43). - / . 




Fig. 42 



Fig. 43 



0 



The narrow rectangles here signify the repeated ^'extras" of 
20 kopeks each. 

"I don't understand," said Valerii, "why it in^rea^Sed by ' . 
3 rubles 50 kopeks for 9 meters? In 9 m they (i*e., the * extras* 
of 20 kopeks) should ^only be 1 ruble 80 kopeks." By asking 
an analytic question precisely, Valerii determined the erroneous- 
ness of his reasoning. 

"If a* the start..." (He seeks a new course). "ff these 20 
kopeks are equrfted, only 5 m remain." And he finally isolates 
a very Important, datum, but is still unable' to use it. 

"Six rubles and 30 kopeks more, and not the cost of all the 
braid, 3 rubles 50 kopeks does not correspbnd to these 20 

kopeks " Noi^seeing the pijbcedure, Valerii turns to the method 

of analogy: "T have to take an easier example of a similar 
problem," he said. "Ten apples .of the best and 10 applies of the 
second quality. The Tormer are 20 kopeks more expensive. If 
wc took 9 portions and another 9 polf tions, increased 
by 20 - 9 4^ 3.50 - 9 x 20"- -he crosj^cs over from the analogy to 
.the original problem, while he tries ^to introduce the method 
of portions (according to the type of problem on sum and multiple 
Relationship), but disregards it, not Hieing a way out-, and re- 
reads the text. "Wliat did I equate?"; he asks himself an 
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analytic question* "I equated the quali^es. There were 14 m 
of the wide, and now we can consider eveWthing tp^be narrow,, 
and hence 23 m of the narrow," He has produced an auxiliary 
, synthesis and, finally, found the right cjburse: -'^Five m difference. 
Nih'fe m cost more thg^ the 14 by 3 fubles 50 kopeks. And that's 
fll,'* he announced happily*, witliput even carrying out the subse- 
quent calculations — the rest of the procedure is clear. ' 

* The record introduced here (and it is characteristic of the other 
subjects in this category) testifies .to a high level of analytic-synthetic 
actlv^tyft-n solving arithmetic problems. The inethoci of equating chosen 
by Vale^ii on the basis of the solution is very generalizl&d (equating 
in^ general , arbitrary data). This high level of generality allows it 
to be used more widely (he attempted to equate at first the quantity, , 
then the cost, etc.). , ■ . , 

He had selected a whole series of auxiliary methods along v^ith 
the trials of thf model methods. He turned to the auxiliary methods 
when difficulties arose. In solving the given problem, Valerii introduced 
the methods of concretizaLion, abstraction, ana^t)gy, d^^agrams, and others, 
as' we saw. The use of a^method helped Valerii to make his analysis more 
thorough and precise, to discover mistakes and thereby to come closer to 
finding the unknown. Both the model and the auxiliary methods became 
methods of creative thought for him. Active enlistment of trials of 
model methods as" well as of auxiliary methods of analysis in seeking a 
solution, and ease in transferring from one method to another c^n be 
.observed in all of the pupils in this category. 

To see more clearly the basic trend In isolating the methods of 

'analysis by the pupils, see Table 8. In it we have shown the distributioi 

6 ^ 

of ^good third-, fourth-, and sixth-grade' pupils (the ones used In the 
•» 

experiments) according to groups, depending on the methods of analysis 

they chose . ^ . 

.\ We SGe\hat a very 'small ^number of ^third-grade pupils turned to t^ie 
trial of model methods when difficulty arise. In fourth grade the best 
pupils used isalatf^i auxiliary methods along with the .model methods. Tlie. 



' ' The fifth-grade pupils occupied an intr.rmediate position between 
the fourth^' and sixth-grades. I noticc^d nothing basically new in the 
cords of their solutions. Therefore I do not introduce their d<ita . 
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great bulk of the good sixth-grade pupils actively used an entire series 
of auxiliary methods when difficulty arose. 

TABLE 8 



Use of Methods 


of Analysis by Pupils of 


Grades 


3-6 




Grade * ' 


3 


4 


6 


Level 


No, of 
pupils 


% 


No. of 
pupils 


% 


No.- of 

pupils 


7 


I. Do not use either 
trial of model methods 
or auxiliary methods 


6 


80 


< 

. 9 


45 

V 






II. Search for the 
solution by trial of 
model means 


4 ■ 


20 


■ 5 


25 


4 


20 


HI. Use chiefly 
auxiliary jnethods 

IVp Use a number of 
auxiliary methods 
along with trials 
of model methods 

* 


i 




4 

2 


20 

10 ■ 


6 
10 


30, 
50 



The comparison of the records of solution of arithmetic sum- 
problems bv excellent* studentFj from six s^rades and bv adults has shown, that 
there are no essential differences. This might be because the direction 

of further development does not proceed towards improving arithmetic 
methods of solving problems, but towards the mastery of new algebraic 
methods of solving them. These methods require a higher levels of. 
analytic- synthetic activity and are much more rational. It is natural 
that once having mastered them, older pupils and especially adults will 
use these methods in solving probl^s; Requiring that a problem be 
solved by arithmetic mpti^i^ris._f-aH<^° difficulty for many of them* Thus, 
in sixth grade (at the moment of completion of the aritlimetic curf-iculum) , 
the mastery of aritlimetic moans of solving problems (and, consequtintly , 
of analyzing them) attains its iiighest level. 

Tlius, the investigation showed that, the isolation of a^ixillary^ means 
of analysis and the transformation of these into means of creative thought 
is n complicated analytic-synthetic process. 
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At file fWsS^ stages of learning, when the pupils are still 
inexperij^^d in ^olving problems, even good pupils will not single out 
auxiliary me tho^ of analysis: They cannot u^e them even with a 
direct^'li^Tbfc^.^fX^ the teacher (or the experimenter). With few exceptions, 
they do not turn to the trial of mo^l methods when seeking a solution* 
Tlie use of one method for a given problem precludes the possibility of 
using another method, which is evidence of a significant stagnation 
in forming systems of connections. 

With' the broadening of the pupils' experience, they begifi to intro- 
duce various model methods of solving problems at the start on the basis 
of coincidental, sometimes inessential^ elements of similarity between the 
^x;oblem being solved and the corresponding model. 

In the future th^s trial of model methods in conjunction with a 
higher level of analysis leads to the modification of the most suitable 
model method corresponding to the situation of a specific probleia. At 
thl43 l€?vel the model method itself is included in a more abstract form, 
which is a result of the high degree of abstraction from the specific 
features of the original problem. Tlie pupils develop a quite mobile, • 
dynamic system of connections (corr esponS^tng to the isolated methods of 
solution), and tnter^system connections arise between them, guaranteeing 
"the possibility of transferring from one system to another* ^i 

Auxiliary methods of analysis are enumerated and mastered, along 
with the isolation of the model methods. At first these are isolated 
methods f later they are an entire series of methods used widely in 
seeking a course of solution. 

In solving a group of model problems (equations, transformations, 
etc) good pupils single out their common elements — ^arbitrary (in the 
order of a proposition) changes of the data contained in the problem* 
Abstracting themselves from pther model features of the solution of these 
problems, they use this general sign extracted by them as the basis of 
an auxiliary method of variation* Other methods (tgraphic analysis, etc.) 
art^ chof;en by the. pupils from the methods the teacher has used in the 
breakdown of difficult problems. 
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5- Develo pin g Auxiliary Methods with Weaker Students 

Independent Isolation and mastery of auxiliary means of analysis 
In classes where It Is not especially taught turns out to be beyond the 
powers of the best pupils. The weaker pupils even in the higher grades 
(6-7), as the investigation showed, were not in a position to Isolate 
and master these methods by themselves ; (jln the best conditions they used 
the trial of different model methods . (without modifying them). 

Can weaker pupils master the methods of analysis if the teacher 
especially trains thera? Wliat difficulties arise then? Row is the ^mastery 
o-f these methods! reflected in the indepen3"ent solution of problems? 

I conducted a training experiiffent with a small group of pupils, to 
investigate this area somewhat. Tlie three poorest pupils (2*s in mathe- 
matics) In grade 4B of the 64t;h School in Moscow were chosen for the 
experimental study. Sixty lessons were conducted with them, from October 
through March. In ■ the second quarter they received passing marks, and 
they passed their examinations well. 

One of them, Zhora, was a quite diligent, quiet, but slow boy. 
Although he did not show any great interest in mathematics, he could study 
it for a long period. To understand a new problem, he needed an extremely 
detailed explanation, along witli, an orderly transition from the visual 
situation (sometimes even with the elements of dramatization) to the 
generality. He frequently t^ied simply to remember the course of 
solution of problems, and he often recalled the solution of similar 
problemH . 

The other two pupils, Felix and Tolya, had much in common: Tliey 
were quite quick-witted, especially Tolya; they were proud, lively, 
easily excitable, with a very -unstahlt^ attention span. When they iLad a 
personal interest, they learned the material comparatively easily, and 
searched for the course of solution ' themselves , but they were very much 
given to rapid, superficial conclusions. As soon as the personal interest 
declined, serious difficulties arose in the solution, and they put aside 
the work easily, or else they began to solve by manipulating the numeri- 
cal data, adjusting' the solution to fit the answer (if it was known). The 
basic reason for their poor progress, obviously, was their very unstable 
attention and intellectual- passivity .'^ 



On this type of poor progress In pupils, see the article by Slavina 
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To avoid this passivity and to force them to work harder, we had 
to introduce some elements of play in tke first lessons. Each pupil 
acquired a form (a "table, as they ^called It). An answer to a question 
or the' solution of an explanation of the method of solving a problem 
was evaluated with marks; each of them entered tsjjese marks in the "table" 
and added them at the end of the lessons; good answers increased t^ie 
number of marks, and bad ones were subtracted. By the s\m of the marks 
it was possible to judge who had done the best during the lesson. 

This system of marking, by Introducing competition, 'forced the pupils 
to work more actively and at the same time not to answer hastily with . 
ill-considered answers; the boys began ^to work more attentively. 
Gradually an interest in the subject itself was awakened in ^Jt^em, as 
well as an interest in solving rather complex problems, and the necessity 
for the "tables" disappeared. 

The first lessons showed that all of these pupils were on the level 
of a seldom-'productive "elemental*' analysis. They isolated first the 
numerical quantities from the text of a problem and combined them, guided 
primarily by the comparison of their absolute values (their multiples, 
etc.) and secondarily by the presence in the text of isolated Words which, 
in their experience, were closely connected with definite arithmetical 
operations. For example, the selection of the word "more" always evoked 
an attempt to carry out addition or multiplication; if both numbers 
were large, the pupils ordinarily chose addition; if one was small, 
multiplication was usually chosen. The selection of the word "less," 
by the same token, led to the choice of either subtraction or division. 
It is interesting to note that wherever there was some conflict between 
'the numerical &ata and the verbal components of the problem, the first 
always won out. Thus, the numerical data 25 and 5 wer^ isolated, as 
well as the words "greater than/' The number 25 was easily and usually 
divisible by 5, and the words "greater than" required mul^plicat ion — 
so all three boys chose division. Here, obviously, the habitual, well- 
eslablishi'.d combination of numerical data was active, and the more 
secure stereotype went into operation. 

In solving problems these pupils tried not: so much to understand the 
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essence^ of the operations as to memorize their sequence. under- 
stood," Tolya consoled himself somehow at one of the first lessons. 
*^Pirst you subtract, then divide and multiply," 

Arithmetic problems were examples to them^ where one h^d to carry 
out certain arithmetical operations with numbers^ They did not try- to 
.Imagine the real, vital significance of the data in the problem. In 
considering a problem, they could easily assert an airplane's speed 
as 8 km/hr., and a train's speed as 9 km/hr., and the like. Nevertheless, 
in a conversation not connected with solving problems, the. boys could 
name the cliaracteristic speeds of these vehicles. In choosing data for 
problems they composed, they simply did not think about their real 
significance; they chose numbers with which it would be easy to operate 
when carrying out the arltlimetlcal operations (division, multiplication, 
etc.) 

Mastering the purely superficial aspect of the solution fairly 
easily, the boys, especially Tolya and Felix, learned how to solve one 
type of problem rather quickly. But what vague conceptions were some- 
times covered by these superficially correct solutions 1 

For example, at one of the first lessons the following problem was 
assigned: 

From "two communities situated 84 kilometers apart, a 
horseman and a pedestrian were sent out In the, same direction. 
How^ much later did the horseman overtake the pedestrian, if 
the pedestrian travels at 6 km/hr. and the horseman at 13 
km/hr.? • 



Tills type of problem was being solved at that time in class, and 

le boys quite adeptly carried out the appropriate operations: 
4 



1) 13 - 6 = 7 km. 

2) 84 7 ^ 12 hours. ^ 

To clarify to what extent they had realized the course of the 
problem's solution, they wera requlr^^d. to draw the distance between the 
cities and note the paths o^ the horseman and the pedestrian (diagrams 
had already been used in connection with solving problems of motion) . 
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Tolya did the problem in the following manner (Fig. 44). In 
spite of the teacher direct instructions > both the pedestrian and 
the horseman (judging from the drawing) left from the same point, 
and the sense of the problem was distorted. 

Felix omitted the distance b^|;ween the, pedestrian and the horse- 
man, and it was tpj|r small and did not correspond to the distance of 



84 km which h§^ indicated (Fig. 45)* 

4 



A 



84 km 



^ B 



"* 13 km horseman 
6 km pedestrian 



Fig. 44 



Horseman 
> 



Pedestrian 
p 

^ 



,, . Fig. 45 

Zhora, introducing a line, marked off 13 km on one end and 6 km 
on the othelr (hardly any shorter) (Fig. 46). 



13 km 



6 km 



B 



V ^ Fig. 46 

"And where is the 84 km? Mark it off," the experimenter requested, 
and Zhora added it (Fig. 47). 



13 km 



84 km 



6 kjii 



Fig- ^7 
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All three drawings show very clearly that in solving the problem the 
pupils did not imagine the real situation described in it, and they 
carried out only the familiar order of the arithmetical operations. 

The choice of the arithmetical operations, as was noted abpve, is 
sometimes determined by the nature of the numerical data,^ Thus, after 
solving a series of analogous problems, the following. was assigned: 

' One meter of satin costs 5 rubles, and 5 meters of satin 
cost as much as 4 meters of linen. How much does 1 m of^ 
linen cost? 

Logically, the solution should be carried out by the following 
operations: 

1) 5 X 5 = 25 rubles , 
' 2) 25 rub. : 4 * 
But -25 ^'is not divisible'* easily by 4 (one ruble must be. expressed 
in terms of kopeks). From the standj^oint of ease of performing the 
' atrithmetical operations, these data are more easily combined in this way: 

5 X 4 : 5; 

and the latter prevailed; all three, In spite of the logic of the solution, 
combined the data in just this way. The ''hypnosis*' of the numerical data 
proved stronger than cotH^Sp^^ense . 

All three pupils did|S\ot realize the real significance of the 
question of the prob lem, did not consider the problem itself as a question 
whose answer might be -obtained on the basis^of tihe data contained in it. 
The course of solution of the problem was largely dependent on the nature 
of the preceding problems. Varying the question of the problem did not 
cause a corresponding change in the arithmetical operation ih them. If 
they chose addition in the precedinp, problem to answer the question, "How 
many were there in ail..../' in the next problem they would also 'add, 
although the problem might require finding how much greater a certain 
■ datum was than an^thi^r (i.e., a certain stagnation occurred, a striving 
for a pat tern) , ^ 

Vov tht' c[uusL ioi) '^'IU)w far did the train travel?" Tolya thought up 
the following "problem": A train covered 240 km in 6 hours," including 
in tlip "problem" precisely wliat it should have asked* 

For the question "What is the airplane \s speed?" Zhora thought up 
this "problem": *'T1)|^ airplane oovered 32 km in 4 hours (!). Its speed 
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is 8 km." Here too, as we see, the unknown is included in the text of 

8 

the problem; it is known. 

This sluggishness and striving for a pattern are easily combined 
with an*, ease ^^tab^r^ansf erring the method of solj^tion from one type of 
problem tp ano^Ok on the basis of random, sometimes solitary signs of 



similarity 'in iWIMttuations of the problems* The presence in a problem 
of a multiple comparison (so many times bigger than...) for example, is 
a basis for transferring ti^ve solved problem to problems on ''portions." 

Tlie nature of the preceding problem has an especially great | influence 
/ here. The pupils solved this problem on sum and difference: • 

^. Tliere were 300 books in 3 boxes. In the second box there were • 

40, and 20 books more*^n the third than in the first. How many 
books are there in each box?'* 

Then the following problem was assigned: ^ 

* There were 420 books on ^ shelves,. On the first there were 

100 books, and 50 more on the second tlian on the first. How 
many hoo^ were there on the third shelf?*^ 

All three of them i solved it in this way: 
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m jsoi^ 
\ 1) 



100 H- 50 150 books. 

2) 420 - 150 * 270 books. 

3) 270 - 3 • • . etc. , \ 

i.e., as the preceding problem on sum and difference had been solved. 

A low level of ai^ytic-synthetic activity, in combination with a 
certain sluggishness and striving for a pattern (which is determined by 
the presence of Inflexible systems of connections), seen in the pupils 
chosen for the experiment, is very typical for pupils who are progressing 
slowly in arithmetic, and' therefore it was described here in some detgiil. 

. Much painstaking wcrrlc was required to teach the pupils to make an 
attentive breakdown of problems and to analyze them productively. 

Jfirst it was necessary to shew them the function of the question 
of a problem, to show the relationship of the nature cff combining the 
data from th^flnal question, and to dissuade the pupfls from ''super fluous 
synthesis,*' unwarranted by the sltuatipn of the problem. A very positive 
role was played by tric'k problems in this. The following prol^lcm, for 



8 

Menchinskaya [lb] 'noted similar examples with first-graders. 
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example, was assigned: 

Three bicyclists covered 30 km in 3 hours. How long 
would it take one bicyclist to cover the same distance? 

Zhora iimnediately divided 30 by 3, and Tolya star'tWlfcto multiply 
3Q -bj 3* Only Felix at first was silent, then smiled and did nothing, 
'^^plaining to his classmates what their mistake was, 

' Such trick probl^s, offered along with regular ones, forced the 
pupils to remain on guard (they did not want to be caught in a ridiculous 
situation), and showed them that there is a definite relationship between 
the data and the question of a prpblem. Problems with insufficient and 
superfluous data forced them to turn their attention* to the 'analysis of 
the data, their evaluation, and the choice of the necessary data to \ 
correspond with the final question. 

In order to emphasize the importance Df the question still moi;^ >^ 
(it the question, the unknown, which determines the direction of the 
analysis), much attention was given to the choice of different questions 
for the same problem (the me^thod of varying thsF question) . The pupils 
were convince^d that a^ change in the final qu^tion also involves a change^ 
in the nature ^o^ the arithmetical operation; * with a change of the unknown 
some datum migTit be superfluous, and some necessary data might not be 
sufficient. The pupils themselves composed problems to go with a question, / 
O'^ they chose a question to go with data', and then, changing the question, \ 
introduced the appropriate^^^Ji^e in -the problem. 

A problorf now appeared to the pupils to be a single whole, all parts ' 
of whicl^. have a special significance and are tied to^ each other by a 
principle. They became convinced that manipulation of isolated data, 
' taken at random from the problem, does not lead loathe desired goal. Tliey 
began to be trained to evaluate the data and their possible combinations 
from the standpoint of the^r sigt;^f icance for finding the unknown. 

A method of schematic notatior of the problem, to simplify its ^ 
analysis, wa^ demonstrated to ^e pupils. This method is useful where 
the text of tho. problem is cumbersome, where ittis difficult to arrive at 
the relationships between the data* A stai>dard form for writing down the 
problem waa not 'given. The pupils wore a^ked to find the most reasonable 
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one themselves for the given jfroblem. Thus, the following problem 

was^ given: ' * ^ 

\ • 

12,000 cubic meters of firewood *were brought in: 
4000 cubic meters of it were birch, and 2000^ cubic meters more 
were aspen, and the'rest were spruce. After some time,. 
3000 cubic meters of- the aspen logs had been sold, an^ 
2500 cubic meters of the spruce* How many cubic meters 
of each type of firewood remained? / 

With the teacher *s help, the f ollowingVchart was made: 





Firewood 


Brought in 


Sold 


Remained 


Birch 


» • • • • • • 


4000 cubic m. 


7 


? 


Aspen 




birch + 2000 


3,000 cpMx^. 


? 






cubic m. 




Spruce 




? 


2500 cubic m. 


? 




Total . - 


12,000 cubic 


? 


? 






m. 







This chart helped them to compare known and the unknown data more 
easily and Simplified finding the course of the solution. 

Sometimes this type of diagram was supplemented (at the teacher ^s 
suggestion) with a sketch. For exampl^ in the problem: 

It is known that the area of Lake Baikal is 34,000 
square kilometers* and the area of the Aral Sea is 
30,000 sq^uare km Digger than Lake Baikal, and that 
the area of the Caspian Sea is 335,000 square km bigger 
than the areas of Lake Baikal and the Aral Sea together, 
l^hat is the area of the Caspian Sea? 



The pupils made the fG(llowing diagram: 

I Area of Lake BaiJ^l 

II " of the Aral Sea 



III 



of the Caspian Sea 



— 34,000 square km 

— area of Lake Baikal + 
30,000 sq. km. 

- — area of Lake Baikal + 
area of the Aral Sea 4- 
335,000 square km. 



What is the area of the Caspian Sea? 



The problem was taken from the standard textbooks and problem 
books of Ya* F* Chekmarev and others. 
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However, this is cumbersome aiid does not give a clear representation 
the relationship of the quantities. Another sketch was made (Fig. 48) 

I. Area of B. 



II, A'^ea of Ar, 
Sea 



III. Area of C. Sea 




Area of B 



Area of Ar. 




30,000 



km 



335,000 sq. km 
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Fig, 48 

* 

in constructing this type 34 scheme th^ pupils carried out the necessary 
analysis > and the method of solution became clear to them. * 

The pupils very quickly recognized the value of the sketch, and 
they began to turn to it themselves when difficulties arose. **If you 
write it down better j'^Vhen .it easier" is the conclus.ion which^elix 
drew, and he himself sought a more expressive diagram* 

At first the following problem was difficult for him: 

y 

A store was supposed to receive 115 kg of boiled butter 
at 18 rubles per kg and 135 kg of cream butter^ the total 
coxaing to 4770 rubles. But only 75 kg of boiled butter 
was delivered, and all the remaining money was spent to buy 
the cream butter. How much cream butter did they buy? 

At first he wrote down the conditions thus: 

115 kg of boiled butter at 
18 rubles per kg 

•^35 kg of cream butter ^ 

75 kg of boiled butter J v 

This notation did not satisfy hiii, and he himself attempted to 
improve it, without any coaxing from the side: 
1 kg at 18 rub~115 kg of bid bi 

\ 135 kg of cream butter 

'1 

llien, with, the teacher's help^ the diagram was made precise: 
115 kg of bid butter at 18 rubles 75 kg 

135 kg of cream butter at ? ? 
For finding a method of solving less complex problems, this type of 
visual analysis is some^times sufficient (with the hp.lp of diagrams and 
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4770 rubles 



mt, 75 kg^ 



} 



4770 rubles 



4770 rubles, 



V 



sketches). 

In more complex problems, when it was difficult for the pupils to 
'separate the relationship basic to the solution between the unknown and 
the data, they had to turn to a mua^j^ore detailed visual-schematic 
analysis of the problem. 

I introduce an example of the analysis of this type in the solution 
of the following problem: ' . * 

Two bags of potatoes were bought^ In the first there were 
30 kg more than in ^ the second. Forty-two kg were t^^en from 
the first, and 10 kg from the seconds In which bag .wpre there 
more potatoes, ^nd l^w qp^ch more? 

At first the conditions were written like this: 



'bag 1 — 30 kg more 
bag 2— 



42 kg 

10 kg 



In which bag were there more potatoes and how much more? 
.Then it was depicted schematically; * 



bag 1 



bag 2 



30 



Fi&. 49 

Then they introduced the second part of the problem into the 
scheme: 



bag 1 
bag 2. 



i : 



30 



42 



10 



Fig. '50 , . 

However, the pupils could not relate the unknown to the data on 
the basis of these diagrams, Tt was necessary to turn to a more detailed - 
articulation. At the teacher's instructions, the pupils returned to the 
original data, and, noticing the 10 kg removed from the second bag, 
carried out an ai^xiliary synthesis, elucidating what difference there was 
then between the bags : 
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bag 1 
bag 2 



30 



-42 



Fig. 51 . 

Thfen they turned the 42 kg removed from the first bag. What 
was it composed of? They considered thi^ sketch: 



bag 1 
bag 2 



-m — I 

:2!lOl 30 



iio 



yip considering the sketch, the pupils determined that the niaaerical 
datum 42 kg includes these superfluous 30 kg, and 10 kg morfe, and 2 
kg more. Only after aH># th^ indicated portions had been not^d on the 
sketch did the pupils who were considering it find the necessary relation- 
ship between the unl^nown^ and the data and determine the value of tha^ 
unknown. ^ ^ * 

Work" was begun to make the analysis of the data and the functional 
ties between them more thorough. 

The signif i^cance ^of each concept in the text 'of a problem wa^§ ^ 
explained in detail, and visual material was introduced wherever necessary^ 
Much attention was given to words expressing the relationship between the 
data (s£ much bigger than, so many times smaller than* - . , many similar 
ones ) Af^tef solving a problem con^$aining, say, the words "so much 

bigger than..-,'' t^e pupils substituted the words ''so many tides smalj ^ - 
than" and explained how this substitution was reflected in the method of 
solution. TliiB type o'f pr^ckice taught them to treat each Vord in a 
problei^^araf ully . \ 
^ ' Much attention was', devoted to the elaboration of tlj^j^ proper conceptions 
and the reinforcement of the knowledge of the functional relationships 
between ^Ke data- ^ We shall show how this work was conducted by 
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More details on work with words in solving problems can be seen 



in the article by Bogolyubou [4]* 
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an example of solving a j^roblem on motioUr 
, A simRlf probl^ on motion was chosen: 

A train' traveled 100 km at a' speed of 25 km/hr. 
How long did it take to cover this distance? . 

TUp pupils wrote down the data:, -J 

Distance — 100 km* 

Spefd* — 25 km/hj|f 

ling what the distance, speedy and time^ were (some . ; 
es^planatioh of these concepts had been given earlier), ^i^e^began to 
compose a table wher^ the known quantities were marked by a plus sign, 
and the unknown ones - by a question mark. In this problem the distance 
and speed were known, and this was noted' in the tablet ' " 
. Distance -f * . i^" ' a 

- Speed ' -H \ ^ ^ ' ' 

' Time . ? * . ^ . ^ . ' 

We then explained possible variants of this prob?em, 'and we intro- 
duced the appropriate sigps into the table: , * 


















* 






I 


II 




III 




Distance 




+ ■ '> 


+ 




? 




. ■ Speed 




+ 


? 




+ 




^Time • ■ . 













' The other types 6f problems were thought up by the pupils them^ 
* selves, ^nd then they were asked -to read through a number of probliims on 
' _motie^ in^he workbook arfd to group tlian according to the table. This 
type of exercise is useful not ,only for reinlprcing the knowledge of the 
given functional 'rela^ibn&hip but alsa.'^for brolftlenlng the contei^t ^nd 
scop^ of the pi^lls mathematical Qoncepts. In making this^ grouping of 
the .problems , the pupils shq^uid Subordinates a iiarrowbr visual concept 
to a wider gBneric one. Thus, in the various problems*, secondsv, minutes 
hours, ancV sometimes days are . referred to,N^ The pupils, in Rioting the 
■kknowii ^ind tile. known data-in the table, should place theseNdif f erent' 
■"•concept'a under the generic Qoncept of' ','timG.^' 
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Afteo- a sufficie^ number of exercises, a generalized conclusion 
can be drawn about> he^to find the time when one knows the distance 
avid the speed*, about determining the distance by the time and the speed, 
about what, data are necessary for determining the speed,* etc. That is, 
the k^owledg^^of^ functional ties is reinforced. 

How onf datum. changes with respect to changes in another is also 
clarified^ To do this we leave. one of the data , unchanged and, giving an 
arbitrary value td anbther datum, determine how this increase or decrease 
:is reflected iiv a third datumr, ^For example^ we give a train a constant 
speed of 20 km/hr and explain what distance it covers at this speed in 
6, 7, 8, etc., hours^' We introduce the appropriate data into the table: 

Tiiue: 5 hours* 6 hours 7 hours 10 hours 



Speed 
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km/hr, Distance; 100 km. 120 km. 140 km. 200 km. • 

We conclude tfiat with an increase of the time in motion, %he " 
distance covered also, increases, and that this is a. direct relationship. 

J ^ ''And what will happen with the time, if we "cfTange the speed but the . 
distance stays unaltered?" We po^e the question and begin to seek an 
answer to it. This is an inverse relationship, and it is >uch more^,diffi^ 
cult for the pupils; therefore we are guid^ by an auxiliary sketch while 
composing the table; ^ ' 

Distance --300 km • - • ' 

Train 



Speed 
(km/hr) 

Time 
"(hrs . ) 



|0 30 50 100 



» Airplane 
■ ISG ooo 



) 

15 10 6 



Speed 150 km/hr. 



1 hr. 



' — X 



1. hi^. 



Speed 100 km/hr. 



I hr. 

Speed 300 km/hr. 



Bicycle 

10' 

30 

X 300iikfli 

X :Td'0 km 



X 



1 hr/ ^ 

X 300 kra 



1. hr. 
etc » 



■'"'■^Yhe concepts of dl'.rect and inverse rclationsji'i T hfive already 
intr^uced and consolidated. 

• ■ • 1&6 » ' • ... 
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' Again the generalized conclusion of the inverse relationship is * 
drawn here. 

Passing on to more complex problems (on meeting) , we constructed 
the work according to the same plan: We explained that here, in contrast 
to the other previous problems two speeds are given, corresponding to 
the two ^loving objects; the distance traveled by each obj^t separately 
can also be determined. Again we explain the possible variants of the 
problem; we piay think them up or select them from the workbook* 

llie ^ame type of work was done on anofh^r type of • quantities tha^ 
were' •functionally tntei^related. ThiJ? vork created a basis for the use of 
the methods of variation, so widely used by adults, ; ^ 

Analytic questions were ufiTBd extensively in the analysis of problems, 
' cailiug the pupils' attention to explaining the basic interrelationships 
between the data, to exposing the ^basic "link df Hjie problem. TljiJS, the , 
question, "Why can the express train catch up- with the passenger train 
which left earlier?'' directed the pupils' attention to the difference 
in the speeds of both trains and simplified f^ndin^ a way to solve the- \ 
, problem. With this type of question the pupils were taught to isolate j 
the main part of the problem, its\ ^'kernel x 

1 have made only the first ste^^ in training pupils to use 
auxiliary methods wMich simplify seeking ^r a method of solution 06 more 
complex task-probleijis . Tlie results show the possibility, in principle, 
of reachine; a level where not only the best but* even the Ceaker pupils 
. can master these methods with special trai^ning. 'However,, we attained \ 
this only under the condition^ of the experiment, with individual train- 
ing. 

Can this type of method be taught in the ordinary ' condi t ions iJ class? 

To vt>^ii,y this possibility, cxpe.Kiment^ I instruction in one o£ the auxiliary 

^ . * 1^ 

methods under classroom conditions was done by the teacher A, E.^Kozlova 

• (132nd School in Mcscow) . ' ^ ^ 

As an axper Ltnental method,'' we chose .the method of asking the analytic 

'question "''Wiiy?" recommended by the pre-revoiutionary methodoiogist Latyshev. 

^A. E. Kozlova (teaching Second and third grade^) aftked this question every 

time a problem's s^tructure permitted it, and turned tiae thildren.\s a^tt'ention 

to the tact tha^ this question made it easier to understand the problem. 

' * ^ . ' * ' ' ' 

— - - - — . ■ • ' , ' 



^^er work has been published tn Roads to .Im^jpyed }'roj^rj:^Bj^ in Mathe- 
matic^ ( see [4]) • . ^ 
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I^ter, in third grade, the teacher asked the pupils to ask a *^Why?** 
question themselves when they had isolated appropriate data. The answer 
to this question helped the pupils to disclose the relationship between: 
the unknown and the data. Such work was done regularly • 

To what extent did the pupils master this method? ^ Were they able 
to ask this question independently? Does this simplify the search for 
a method of solution? A controlled experiment was conducted at ^he end 
of the year to answer these questions. The pupils were given a problem 
on exclusion of one of the quantifies, Whose method Of solution was 
not familiar to them, as a trial experiment showed.' .Tlis problem was 
asked individually of ' seven pupils ift the class. Five of them, having 
asked, the question, *'Why was more paid for the second purchase?", could 
then find the correct method of solution, using this questioii. The 
other two, having asked the question, could not. For them this method 
had still not become a method of creative thought. We can still maintain 
that Kozlova's experiment showed the possibility in principle' of teaching, 
under classroom conditions^ methods which' simplify finding a method of 
solution of more complex task-problems. ^ 

h In the investigation, only somq of the possible ways of teaching 
methods of working on problems have been'^noted* Undot^tedly, there are 
other, perhaps more productive , methods being used in tl\ work of the best 
t^-achers. We must disclose these methodVy^aad teach how to use and popu- 
larize thiMn. 

With respect to each method Investkgated, it is necessary to 
determine at what age level (in .what g^kdc) and with respect to which 
gro>ip oi probUMiKs the nK't}u>d can be^fst^d ^ and how to teach the met hod so 
that it will be^come an independent method of thought for the pupils^ 

It; would be particularly desirable for the teachers themselves to 
s^tudy the invp.stlgation of the problc^nis indicated here. Coinblning the . 
researrhers and the teachers into one body makes thp. work more productive,, 
answering the inquiries of practice^ indirectly. - ' «» 

The author hopes that ht>r research will help teacliers to regard 
thoir methods of^ teaciilng probl em' sol ving critically and\to address them- 
selves to seeking the most productive methods of breaking dowtx ' problems 
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